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NOTATION 


xz Horizontal coordinate. 
z Vertical coordinate, positive upward from 
undisturbed sea surface. 
t Time. 
p Pressure. 
p Density of water (1.025 g/cm’). 
p’ Density of air (1.251073 g/cm). 
u Horizontal component of particle velocity. 
w Vertical component of particle velocity. 
u’ Mass transport veiocity. 
U Wind velocity at about 8m above sea 
surface. 
OC Velocity of progress of wave (phase 
velocity). 
V’ Group velocity. 
V Velocity of energy flow associated with 
wave motion. 
L Wave length. 
2a 
t L 
T Wave period. 


2a 


er 
a Wave amplitude. 
H Wave height (from crest to trough). 
h Depth of water. 
n Elevation of sea surface relative to undis- 
turbed level. 
u Viscosity of water (0.018 at 0° C.). 
7 Stress of wind at sea surface. 
E, Mean potential energy of wave per unit 
area. 
EF, Mean kinetic energy of wave per unit area. 
E Mean total energy of wave per unit area. 


Ry Mean rate of energy transfer to wave due to 
normal wind pressure. 

R, Mean rate of energy transfer to wave due to 
tangential wind stress. 

Ry Rate at which wind energy is dissipated 
below level to which wind velocity is 
referred. 

Ryu Mean rate of energy dissipation due to vis- 
cosity. 

Ry Mean rate at which energy is used to change 
wave height. 

Re Mean rate at which energy is used to change 
wave velocity. 

- Ry +R, 
Ru 
F Length of fetch. 
D Distance of decay. 
g Acceleration of gravity (980 cm/sec ”). 
r Coefficient of energy partition (0.580). 
s Sheltering coefficient (0.013). 
B C/U (Wave age). 
6 H/L (Wave steepness). 
y? Resistance coefficient applicable to wind 
(y?=2.6 107% for wind velocities >5 m. 
per sec). 


s 
a 2? (2.50). 


A 27’ p’/p (6.351075). 
Subscripts: 

F refers to value at end of the fetch. 

D refers to values at end of distance of decay. 
For all numerical computation, c. g. 8. units are 
employed. 


ERRATA 


Page v—Right hand column, 6th line from bottom: 
For “A 2729" /p(6.35 10-5)”, read “A 229" /p(6.35 10-9)” 


Page 15—Right hand column, 3rd line of equations from top: 
“id. ” igs d6é”’ 
For “ag” read “dp” 
Page 17—Right hand column, 5th line of equations from top: ° 
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Page 18—Left hand column, last line of equations: 
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For ‘‘2 feet’’, read ‘‘2 meters”’. 
Left hand column, 34th line from top: 
For ‘0.9 feet”’, read “0.9 meters” 
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INTRODUCTION 


N ORDER to forecast sea and swell from 

weather data it is necessary to know the charac- 
ter of the waves produced by a given wind that 
blows for a known length of time over a known 
stretch of water, the fetch. Prior to 1942 such 
knowledge was based on empirical relationships 
many of which were inconsistent among them- 
selves. In the fall of 1942 a need for sea and swell 
forecasts arose in connection with the planned 
invasion of North Africa. In order to improve 
the basis for forecasting, the authors began their 
studies at the request of the Oceanographic Divi- 
sion of the Directorate of Weather, Army Air 
Forces. 

Preliminary conclusions were helpful in the 
African and Mediterranean operations but con- 
sistent results were not achieved until the summer 
of 1943. By that time all oceanographic work 
had been transferred to the United States Navy. 
Under contracts with the United States Hydro- 
graphic Office and the Bureau of Ships, the studies 
of sea, swell, and surf were carried on at an 
accelerated pace. 

In this paper a close combination of theoretical 
conclusion and empirical knowledge is attempted. 
From a study of the processes by which energy is 
transmitted from wind to waves, certain energy 
equations are derived which relate wave height and 
velocity to wind velocity, duration of wind, and 
fetch. In order to solve these equations it is 
necessary to make certain formal .assumptions. 
The physical significance of these assumptions are 
as yet obscure but the solutions obtained are in 
some cases in agreement with empirical relation- 
ships and in other cases they remove inconsisten- 
cies which have arisen because the relative import- 
ance of the different variables had not been clearly 
recognized. 

The present paper is a revision of a report, 
Wind Waves and Swell; A Basic Theory for 
Forecasting, which was submitted to the Hydro- 
graphic Office in September 1943, but which could 
not be released because of wartime restrictions. 
In the revision a few changes in the theory have 
been made, partly because some of the original 


assumptions were too arbitrary and partly because 
some new approaches have been stimulated by 
C.-G. Rossby’s recent studies of wave motion. 

When the original paper was prepared it was 
believed that the results would apply to “the 
larger waves present” but no attempt was made to 
describe these larger waves more specifically. It 
is now proposed to introduce a statistical term and 
to define ‘the larger waves’ as waves having 
“average height and period of the one-third 
highest waves.’’ The waves described by these 
averages are called “significant waves,’’ because 
experience gained so far indicates that a careful 
observer who attempts to establish the character 
of the higher waves will tend to record the signifi- 
cant waves as defined here. The concept of 
“significant waves’ is important because only 
the significant waves are known empirically, and 
because for these waves the classical requirement 
that crests are conserved is not fulfilled. There- 
fore, the growth and decay of significant waves 
do not obey the laws that would apply to the 
waves of the classical theory, but take place 
according to other laws that will be developed 
in this paper. 

All solutions which relate waves to wind can 
be represented as relations between nondimen- 
sional parameters, but because the empirical data 
available in 1943 were too incomplete to be shown 
in this form, nondimensional presentations could 
not be used for comparison between theory and 
observations. Through the efforts of agencies 
partaking in wave research new and more com- 
prehensive material has now made it possible to 
check the nondimensional relationships against 
observations. 

As a whole, the changes are few considering the 
intensity with which wave research has been 
carried out since 1943. The basic numerical 
relationships between wave height and period as 
functions of wind velocity, fetch, duration, and 
distance of decay differ only slightly from those 
proposed in 1943 and used subsequently with 
considerable success in sea and swell forecasting 
during the war. 


In 1942 work on sea and swell forecasting had 
been started independently in Great Britain, and 
some of the ideas developed there were of value 
to the authors, although the numerical relation- 
ships differed. Subsequently Commander C. T. 
Suthons, British Admiraity, developed relation- 
ships on an empirical basis which, with a few 
important exceptions, are similar to the ones 
presented here. 

This paper does not deal with the forecasting 
technique, but a practical manual in forecasting 
was prepared in September 1943 on -the basis of 
the 1943 report and published by the Hydro- 
graphic Office (19442) in March 1944. The 
relation between swell and surf is not covered in 
the present paper nor in the forecasting manual, 
but studies of the transformation of waves in 
shallow water at the Woods Hole Oceanographic 
Institution; the Beach Erosion Board; the Depart- 
ment of Mechanical Engineering, University of 
California, Berkeley; and the Scripps Institution 
led to the joint preparation of . second manual 
on the forecasting of breakers and surf, published 


- wholehearted support. 


by the Hydrographic Office (1944b) m November 
1944. 

The authors are indebted to the Army Air 
Forces for initial encouragement and to the 
United States Navy, which gave the program its 
They are also indebted 
to the Oceanographic Research Group, Admiralty 
Research Laboratory, Teddington, England, for 
having made available unpublished records of 
swell at Pendeen near Land’s end. In the 
preparation of this manuscript the authors have 
been greatly aided by Lt. R. S. Arthur, USNR; 
Capt. J. C. Burke, AUS, AC; Lt. Gg) J. F. Munch, 
USNR; Sgt. R. E. Jentoft, AUS, AC; and Capt. 
M.A. Traylor, USMCR; all of whom were assigned 
to the project at the Scripps Institution. 

The authors are also indebted to about 200 
weather officers of the Army Air Forces and of 
the Navy, who attended the courses in sea and 
surf forecasting at the Scripps Institution and 
whose questions and interest have contributed 
much to improve the understanding of the prob- 
lems. 


THEORY OF SURFACE WAVES 


Waves of Infinitely Small Amplitude 


Equations required for subsequent develop- 
ments will be summarized here. Derivations and 
discussions of these equations are not repeated 
since they are readily available (Lamb, 1932, 
Sverdrup et al., 1942). In water of constant 
depth the wave velocity can be represented by 
means of the equation of classical hydrodynamics: 

C= © tanh ah (1) 
where h is the depth to the bottom and L is the 
wave length. 

Defining deep water waves and shallow water 
waves as: 


Deep water waves: 
ile 
h>5h 
Shallow water waves: (2) 
1 
h<5ph 
equation (1) becomes with sufficient accuracy for 
these special cases: 
Deep water waves: 
oat = (3a) 
Shallow water waves: 
C?=gh (3b) 


This paper deals only with deep water waves’ 
for which length, period, and velocity are inter- 
related as follows: 


a WE a 
=a Lt-£r 


2a 


a iar (4) 


Ps T1=0 


The water particles move in circles, the radii of 
which decrease exponentially with depth according 
to the relation: 


777333 O - 48 - 2 


Radius of particle orbit 
= 5 Het» (5a) 


where z is taken positive upwards; consequently 
the particle velocity is uniform and has the 
scalar value 


Particle velocity 
— "PF ,2n2/L 
= qe (5b) 


The mean energy per unit area of a wave equals 
(Lamb, 1932, p. 370) 


= Sent ; 
= pga” (6) 


The rate at which this energy is changed by 
dissipation equals (Lamb, 19382, p. 624) 


R,=—2pkh?e?C? (7) 


With every wave there is associated a flow of 
energy in the direction of propagation of the wave. 
Let V be the velocity at which energy is trans- 
mitted. Then VX, the rate at which energy 
flows across a vertical plane of unit width, equals 


0 
VE= {pu dz 
where p is pressure and wu is the horizontal com- 
ponent of the particle velocity. For deep water 
waves (Lamb, 1932, p. 383) 


VE=sega?C sin? k(x— Ct) (8a) 


with a mean value 


1 EC 
Va goga' C= oy (8b) 


Equation (8b) can be interpreted to mean that 
the entire energy is propagated at half the wave 
velocity or half the energy at full wave velocity. 
The significance of these interpretations will be 
discussed later (p. 6). 


Waves of Finite Amplitude 


Two theories have been developed for deep water 
waves of finite amplitude: the Stokes theory deal- 
ing with irrotational waves, and the Gerstner 
theory dealing with a specific type of rotational 
waves. For the Stokes’ waves the velocity of 
progress depends also upon the steepness of the 
wave, as expressed by the ratio =H/L (Lamb, 
1932, p. 420) 


C= LL] 14 at Gat Pets eer et a | (9a) 
27 a 


For moderate values of 6 the wave form is very 
nearly trochoidal, byt for larger values the troughs 
become wider and flatter, and the crests steeper. 
According to Mitchell (Lamb, 1932, p. 418), the 
greatest possible value of 6 is equal to 1/7: 


Ones iG (9b) 


When this value is reached the wave profile 
becomes unstable and the wave breaks. The 
velocity of progress of a wave for which 6 = 1/7 is 
1.12 times the velocity of a low wave of the same 
length. 

Generally waves in the ocean are much less 
steep, and equations 1 to 8 are sufficiently accurate 
for waves of finite height. The latter differ, how- 
ever, from waves of very small amplitude in one 
important respect: the particle velocity is not 
uniform but is at a maximum when the particles 
are at the highest point in their orbit and moving 
in the direction of the wave. Upon the completion 
of each nearly circular motion the particles have 


advanced a short distance in the direction of 
progress of the wave and have brought about a 
small transport of mass (figure 1). The average 
velocity of this forward motion during one wave 
period, the mass transport velocity, is denoted 


by u’. In deep water, at a depth z (Lamb, 1932, 
p. 419), 
w =F Cetttlt (10) 
ne 


Figure 1.—Orbital motion during two wave periods of a water 
particle in a deep water wave of finite height. 


Rossby (1945) has shown the Stokes wave to 
be a special case of an infinite number of possible 
irrotational waves. His very general treatment 
has no bearing upon the following discussion of 
the growth of waves, but may modify some of the 
conclusions regarding the propagation of swell. 

The Gerstner waves are exactly trochoidal and 
equations 1 to 8 are valid for them without ap- 
proximation. The Gerstner waves are without 
mass transport velocity. 


PROPAGATION OF A DISTURBANCE THROUGH A REGION PREVIOUSLY 
UNDISTURBED 


General Considerations and Observations 


It has long been a controversial question 
whether a disturbance of the sea surface in @ 
storm area advances into an area of calm with 
the velocity of the individual waves, or at half the 
wave velocity (group velocity). A theoretical in- 
vestigation, which is presented in this section, 
leads to the conclusion that for practical purposes 
the disturbance shall be taken to advance at half 
the wave velocity. Some waves travel faster and 
arrive earlier, but their height is probably small. 

As a simple form of wave motion, consider a 
train of waves represented by sin k(a—Ct) where x 


is positive in the direction of propagation and C 
is the velocity of transmission of phase, termed 
wave velocity in this report. If the medium in 
which the motion occurs is such that Cis the same 
for all wave lengths the velocity C has additional 
physical significance, it equals V, the rate of 
transmission of energy. If waves are emitted 
from a source in such a manner that full intensity 
is reached with the emission of the very first wave, 
any subsequent position of this first wave defines 
a wave front. As an effect of viscosity the height 
of the wave decreases with increasing distance 
from the source, but at any given distance from 


the source all waves arrive with the same height 
as the initial wave. A steady state is reached 
with the passage of the wave front. 

If, however, the phase velocity C is a function 
of the wave length, a fact which is expressed by 
describing the medium as dispersive, this ideal 
simplicity no longer exists. In general, C and V 
are no longer equal. Radio signals in hollow 
guides, seismic waves in the interior of the earth, 
and surface waves in deep water, are examples 
of waves traveling through dispersive media. In 
these only a portion of the energy travels along 
with the wave form, the remaining portion being 
left behind. Focusing attention on a single wave 
in deep water, one should expect this wave to 
gain the portion of the energy left behind by the 
preceding one and, in turn, leave a portion of its 
energy for the wave following it. Dealing with a 
group of, say, 10 waves, the first wave, which 
loses energy to the wave behind and gains none 
from the front, soon becomes very small, but the 
last wave, which leaves energy behind, will form 
a new wave behind it and become the second from 
the last. 


This is exactly what has been observed and 
reported by numerous observers. In the Ad- 
miralty Navigation Manual (1939), Vol. III, page 
389, it is stated that: 


if motion of the first wave of the group is followed, it will 
be found that this motion dies out and that the wave next 
behind takes the lead. If, on the other hand, the last 
wave of the group is watched, another wave will be seen 
to appear behind it. The new waves constantly rise in 
the rear as rapidly and as constantly as those in the front 
die out, so that the general appearance of a group of waves 
remains unchanged. ‘The group as a whole has a definite 
velocity of propagation, which has been found to be 
half of that of the individual waves comprising the 
group * * * 


Kriimmel (1911, page 95), also states that: 
* * * the wave, which at any instant is in front, flat- 
tens so much as it travels over the surface, that it becomes 
invisible after traveling 2-4 meters, whereupon the next 
one becomes the first, again goes through the appearance 
of flattening, ete. 


The same experierice in tanks is reported in the 
Technical Report No. 2 of the Beach Erosion 
Board (1942). 


In wave tanks, wave groups may be generated by operating 
the wave machine through only a few strokes * * * 
the observer can follow a particular wave crest only a finite 
distance before it disappears. Close observation reveals 
that the wave group maintains its identity, that individual 
waves pass through the group, rising out of comparatively 
calm water at the rear, reaching a maximum at the center, 
and then disappearing at the front of the group. 


When a long group reaches an observer stationed 
at a given distance from the source, the initial 
waves will be very low, but the wave height will 
increase with time. It will reach a maximum as 
the center of the group passes the observer and 
will then decrease. If waves of constant height 
are continuously generated at the source the ob- 
server will find that, after a transient stage of wave 
growth, a steady state condition involving con- 
stant wave height will be approached. The prob- 
lem is to find how long it takes to reach, for example, 
50 or 90 percent of this constant height. The prob- 
lem can also be stated: to find the rate at which an 
appreciable portion of the energy of the disturbance 
is propagated through the area of calm. 

It will be shown that there exists an actual 
“‘wave front” which advances with the velocity C 
of the initial wave but the magnitude of the dis- 
turbance so propagated is negligible compared 
with that of the main group which travels at 
lower speed. 


Group Velocity and Energy Flow 


The slow rate at which a disturbance is trans- 
mitted through an area of calm, as compared to 
the rate of travel of the individual waves, is gen- 
erally explained by stating that the disturbance 
travels with the group velocity V’. An expression 
for group velocity is derived by considering the 
combined effect of two trains of waves of equal 
wave height whose lengths differ by a small 
amount dL. The resulting interference pattern 
will travel with a velocity equal to 


dC 


V=0-L7 (11a) 


Since O?~LZ, it follows: 


NG) 
Was (1b) 


(Beach Erosion Board, 1942, p. 32; Cornish, 1934, 
p. 137; Krimmel, 1911, p. 95.) 

This derivation has led to much confusion 
because, unless further qualified, it would indicate 
that group velocity is important only under very 
special conditions as, for example, in the case of 
two wave trains of equal height and slightly dif- 
ferent lengths. But equation (11a) is much more 
general and can also be derived by making use of 
methods of summation or integration if the 
simultaneous existence of an infinite number of 
wave trains involving a frequency spectrum is 


assumed (Havelock, 1914, p. 5). If the group 
velocity V’ is defined in such a manner that the 
wave length L does not vary in the neighborhood of 
a geometrical point traveling with velocity V’, 


dL ol, ob 
dt ot ' o& 


then equation (11a) is valid for any limited initial 
disturbance provided the wave crests maintain their 
identity (Lamb, 1932, p. 381). This initial dis- 
turbance can be expressed in terms of a Fourier 
integral and the resulting interference pattern 
derived as a function of time and distance. 


V’=0 (12) 


As a simple case, assume again that waves of 
constant height and length are emitted at the 
source and that their wave length remains constant 
thereafter. It might appear that under these as- 
sumptions only one single wave length is present 
and that group velocity is not involved. Since, 
however, the wave train is of finite size the wave 
length must either equal a constant value L’ 
(within the train), or be zero (outside tHe train) 
and this distribution can be represented by a 
spectrum of wave lengths in a Fourier integral. 
For long trains the various wave lengths in this 
spectrum cluster closely about L’ but the use of 
one single wave length is justified only in the case 
of an infinitely long train. 

A study of the propagation of a disturbance into 
an area of calm could be based on these considera- 
tions but we prefer to use a method based on 
consideration of energy, which appears to be 
simpler and in better accord with the point of 
view from which this paper is prepared. 

From a comparison of equations (11b) and (8b) 
follows 

Vi== Vi 


This identification of the group velocity with the 
mean rate of transmission of energy, here shown 
for deep water waves, can be extended to shallow 
water waves, indeed to all kinds of waves (Have- 
lock, 1914, p. 55 and p. 61). However, the physi- 
cal significance does not appear obvious, as evident 
from explanations attempted by Lamb (1932, 
p. 383) and Rayleigh (1877, p. 21). 

To the present problem it is of particular 
importance to know whether equation (8b) shall 
be interpreted to mean that 

(1) all the energy advances with group velocity, 
or 

(2) half the energy advances with wave velocity. 
To answer this question consider the flow of 


energy through a parallelepiped of unit width, 
length dz, and extending to a depth below which 
wave motion is negligible (fig. 4, p. 14). The 
time rate of change of energy within the paral- 
lelepiped must equal —d0(V£)/dz, the net inflow 
in the direction of the x-axis; and, therefore: 


of, 2 


oF +2 (VE)=0 (13) 
Tn the first case (13) becomes 
dE, CdE_ 


with the solution 
(14 ) 


E =f(2-§!) 
which gives no information as to the manner in 
which £ varies with z. 

In the second case pies (13) becomes 


=0 (15) 


leading, as will g fees to a solution of the 
transient state which is consistent with necessary 
physical boundary conditions, 


Transmission of Energy by Wave Motion 


The difference in form between equations (14a) 
and (15) has been given physical significance: 
equation (15) has been interpreted to mean that 
the ratio “‘group velocity to wave velocity” 
denotes the fraction of energy, #’, which advances 
with wave velocity.* 

1D AY 

EO to) 
This physical significance follows from a consider- 
ation of the distribution of potential and kinetic 
energy along a wave. Consider a sinusoidal wave, 
for which the surface elevation is given by 


n= 5H sin k(e—Ct) (17) 


The potential energy is computed from the 
elevation or depression relative to the still water 
surface as: 


TUE i "ede= hapEP sin? k(w—Ct) (18) 
Substituting in equation (8a) we find for the rate 
at which energy is transmitted 

VE=CE> 


*This interpretation is, according to Rossby (1945), not generally valid, but 
it is applicable to the type of waves examined here. 


indicating that the potential energy is transmitted 
with wave velocity. The kinetic energy is obtained 
from the horizontal and vertical components of 
particle velocity: 


Be dba CEE 3 
r= 50 | ve 1 u\dz 
where f is the depth. For deep water waves, 


w= Tide sin k(x —( t) 


C 
(19) 
w= — SH cos k(z—Ct) and 
1 2 


In contrast to the potential energy, which is a 
periodic function and advances in phase with the 
deformation of the surface, the kinetic energy is 
evenly distributed along the entire wave and is 
independent of the position or the velocity with 
which the surface deformation advances. (See 
fig. 2.) 
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Figure 2.—Variation of surface eleyation, potential energy, Ep, and 
kinetic energy, Ex, along one wave length. 


From (18) we find the mean potential energy 
over a wave length, Hp, 


1 E ; 
Ep= {@9elD = Ex=5 (21) 


and equation (16) is satisfied, since 
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The following interpretation can now be given 
to observations of wave motion in deep waiter. 
Again quoting the Technical Report No. 2 of the 
Beach Erosion Board (1942): 

As the first wave in the group advances one wave length, 
its form induces corresponding velocities in the previously 
undisturbed water and the kinetic energy corresponding 
to these velocities must be drawn from the energy flowing 
ahead with the form. If there is equipartition of energy 
in the wave, half of the potential energy which advanced 
with the wave must be given over to the kinetic form and 
the wave loses height. Advancing another wave length 
another half of the potential energy is used to supply 
kinetic energy to the undisturbed liquid. The process 
continues until the first wave is too small to identify. 
The second, third, and subsequent waves move into water 
already disturbed and the rate at which they lose height 
is less than for the first wave. At the rear of the group, 
the potential energy might be imagined as moving ahead, 
leaving a flat surface and half of the total energy behind 
as kinetic energy. But the velocity pattern is such that 
flow converges toward one section thus developing a crest 
and diverges from another section forming a trough. Thus 
the kinetic energy is converted into potential and a wave 
develops in the rear of the group. 

This concept can be interpreted in a quantita- 
tive manner, by taking the following example from 
R. Gatewood (Gaillard 1935, p. 34). Suppose 
that in a very long trough containing water 
originally at rest, a plunger at one end is suddenly 
set into harmonic motion and starts generating 
waves by periodically imparting an energy E/2 
to the water. After a time interval of n periods 
there are n waves present. Let m be the posi- 
tion of a particular wave in this group such that 
m=1 refers to the wave which has just been 
generated by the plunger, m=(n-+1)/2 to the 
center wave, and m=n to the wave furthest 
advanced. Let the waves travel with constant 
velocity OC, and neglect friction. 

After the first complete stroke one wave will 
be present and its energy is 1/2H. One period later 
this wave has advanced one wave length but has 
left one-half of its energy or 1/4# behind. It now 
occupies a previously undisturbed area to which 
it has brought energy 1/4H#. In the meantime, 
a second wave has been generated, occupying the 
position next to the plunger where 1/4 was left _ 
behind by the first wave. The energy of this 
second wave equals 1/4#+1/2H=3/4E. Repeated 
applications of this reasoning lead to the results 
shown in table 1. 


The series number n gives the total number of 
waves present and equals the time in periods since 
the first wave entered the area of calm; the wave 
number m gives the position of the wave measured 
from the plunger and equals the distance from the 
plunger expressed in wave lengths. In any series, 
n, the deviation of the energy from the value #/2 is 
symmetrical about the center wave. Relative to 
the center wave all waves nearer the plunger show 
an excess of energy and all waves beyond the 
center wave show a deficit. For any two waves at 
equal distances from the center wave the excess 
equals the deficiency. In every series, n, the 
energy first decreases slowly with increasing dis- 
tance from the plunger, but in the vicinity of the 
center wave it decreases rapidly. Thus, there 
develops an “‘energy front’? which advances with 
the speed of the central part of the wave system, 
that is, with half the wave velocity. 


Table 1 
Distribution of Wave Heights:in a Short Train 
of Waves 
Series Wave number, m Total 
num- energy 
ber : of 
n 1 2 3 4 5 6 7 group 
1 1 — 1/2E 
2 3/4 1/279 CORO S | Pena eis |e | were wx | Feaey 2/2 
3 7 4/9 tis | G01) 97am | Roe een | ig Oe | cote aa 3/2 
4 1/15/16 | 11/16 5/16 1/16 E79 | Renee | Eas | ees 4/2 
5 | 31/32 | 26/32 | 16/32 GEya |W Erye |e eS 5/2 
6 |63/64 | 57/64 | 42/64 | 22/64 |7/64 | 1/64 |_-___- 6/2 


According to the last line in table 1 a définite 
pattern develops after a few strokes: the wave 
closest to the plunger has an energy E (2"—1)/2” 
which approaches the full amount E, the center 
wave has an energy E/2, and the wave which has 
traveled the greatest distance has very little 
energy (H/2"). 


Approximate Solution to Equation (15) 


Let "k,,="E,,E, where "E,, denotes the energy 


of the mth wave in a group of n waves. Then 
{r=2—-—m 1 
"Rn 22 
2" 26 ri(n—r)! (22) 
gives the value of any term in table 1. This table 


and, therefore, equation (22) are in agreement with 
observations. It remains to be shown that (22) 
satisfies the differential equation (15). 


Let t=nT, z=mL (23) 


where, as usual, 7 and LZ denote wave period and 
length. Then 


ok ,10R 


which can be written as the following difference 
equation 
CRS Ci oil) Sao 
(n+1)—(n) 


m—1 
3 (m)—Gm—1)~° 
or 
a) tad eT oe-(y (25) 
us 1) SO) Sip 

The general expression for "Rf, given by (22), 
satisfies equation (25). The proof, based on the 
method of mathematical induction, is given in 
appendix 1. 

Equation (22) is not practicable since we are 
dealing with such large distances that m and n 
have values up to 10*.. The process of summation 
would be very cumbersome even if tables of bi- 
nominal coefficients were available. From an 
analogy with the probability theory it is possible, 
however, to find approximate values of *#,, directly, 
no matter how large m andnhappentobe. Since 
the binominal coefficnt *C, is defined as 


yah ay OH 

CAG 
equation (22) can be written 
af T=2—-™ 
or rT=0 

The, binominal distribution can be closely 

approximated by the normal frequency distribu- 
tion curve because the binominal summation 
corresponds nearly to the area under the normal 
curve which is found in tables of the probability 
integral. From an analogy with the probability 
problem we can write at once 


"k= *C, (26) 


To find the ee of approximation the approxi- 
mate solution (27) is substituted directly in the 


differential equation (24). 
OR ORdu _ +( =) 2m+n— *) 
oe ns? 
10R_10R du 
20m 20udm — 
be “5 at and their differences for n= 900 


on Oudn 
7) 1 ) 
— — 2 — 
(= oe ( n 
10R 
are deed in columns 4-6 of table 2 


Values of 


For the center wave (m=450\) the agreement 
is exact, but for all other waves there are found 
small differences. The approximation is satis- 


factory. 
Table 2 
Degree of Approximation Involved in Equa- 
tion (27) 
(1) (2) (3) (4) (5) (6) 
OR wR 19R oR WR 
He & ou om 29m on + 29m 
300 | 1.0000 | —.0000 | +0.00x10-#] —0.00%10-4| —0. 0010-4 
400 | .9996 | —.0014] +0.44X10-4] —0. 4710-4] —0. 0310-4 
420 | .9788 | —.0508 | +16.36x10-4| —16. 9310-4] —0. 57%<10-4 
430 | .9147 | —.1561 | +50.84Xx10-4] —52.03x10-4) —1. 1910-4 
435 | 18485 | —.2347 | +76.89X10-4| —78. 2310-1] —1. 3410-4 
440 | .7500 | —.3123 | +102. 87X10-4| —104. 1010-4] —1. 2310-4 
445 | .6430 | —.3730 | +123. 57x 10-4 | —124. 3310-4] —0. 7610-4 
447 | | 5020 | —. 3882 | +128.90X10-# | —129. 4010-4] —0.50%10-4 
449 | .5398 | —. 3970 | +132. 1110-4] —132. 3310-4] —0. 2210-4 
450 | .5033 | —. 3088 | +132. 8610-4 | —132. 9310-4 | —0.07%10-4 
45034]. 5000 | —. 3089 | +132. 9810-4] —132.98%10-# | —0. 0010-4 
451 | .4967 | —.3988 | +132. 8610-4 | —132. 9310-4} —0. 0710-4 


+0. 0010-4 —0. 0010-4 | —0.00X10-4 


Significance of the Solution 


Table 2 also illustrates an important point: 
within a very short distance the ratio R decreases 
from very nearly 100 percent to a minute percent- 
age. In figure 3, & has been plotted against m, 
the distance in wave lengths from the generating 
area. The scale to the left gives percent of max- 
imum wave energy, the scale to the right gives 
percent of maximum wave height; the height 
ratio equals the square root of the energy ratio. 
The center wave is halfway between the wave 
furthest advanced and the one at the very rear. 
Its energy is exactly one-half the maximum energy, 
its height 70.7 percent of the maximum height. 
In this example the total waves present number 
900, hence the center wave is 450.5 wave lengths 


from the generating area. Let the “region of 
sharp decrease in wave height,” the shaded portion 
of the figure, be defined as the region within which 
the wave heights decrease from 90 to 10 percent 
of their maximum value. These two limits cor- 
respond to m=485, and m=435, and the area of 
sharp wave decrease is only 50 wave lengths wide. 

The “region of sharp decrease in wave height’ 
has at any instant traveled only half as far as the 
leading wave; its velocity is half the velocity of 
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Figure 3.—Change of wave height with distance from source re- 
gion, assuming that uniform waves produced at the source region 
advance through water originally at rest. Deep water waves. 


the leading wave. Therein lies the answer to a 
controversial question: how fast does a disturbance 
travel from the storm area, at wave velocity or at 
half the wave velocity? The answer is that each 
wave travels with its own wave velocity and arrives 
at a distance D from the storm area at a time 
t’= D/C, where C denotes the mean wave velocity. 
However, these early waves are extremely low. 
From a practical point of view appreciable waves 
will appear at D only slightly before 2t’, the time 
of arrival of the “center wave.” Hence for pur- 
poses of forecasting, the velocity of the disturbance 
should be taken at one-half the wave velocity. 


ENERGY TRANSFER FROM WIND TO WAVES 


Energy Transfer by Normal Pressure 
The average rate at which energy is transferred 
to a wave by normal pressure equals 


1(2 
Ry=7 : Po2W old (28a) 


where 
Wo= —kaC cos k(x— Ct) (28b) 


is the vertical component of the particle velocity 
at the surface, and p,,:the normal tension acting 
on the sea surface. 


When a wind blows, the tension p,,, which is 
directed opposite to the pressure exerted on the 
sea surface, can, according to Jeffreys (Jeffreys, 
1925 and Lamb, 1932, p. 625), be taken as the 
sum of two negative terms, one representing the 
constant atmospheric pressure and the other, the 
wind pressure against different portions of the 
wave: 

Pez=—p—Ap 

The wind pressure can be considered composed 

of a series of harmonic terms of wave lengths L, 


a 


2L, 3L,.... , but of these terms only the one 
in phase with w, does a net amount of work. 
Jeffreys assumes this term to be proportional to 
the product of the density of the air, the square 
of the wind velocity, and the slope of the surface: 
C)? Os C)*ka cos k(a—Ct) 
(29) 


and he calls the coefficient of proportionality, s, 
the ‘‘sheltering coefficient.’”’ It might be more 
descriptive to use the term ‘“‘streamlining coeffi- 
cient’’ because the coefficient is a measure of the 
form resistance offered by the wave. 

From (28a), (28b), and (29) it follows: 


Ap=sp' (U 


igs 


Re 58" (U—C)'aC for C<U_ (30a) 


Equation (30a) holds for waves traveling more 
slowly than the wind. Should the wave velocity 
exceed that of the wind, and the relative wind 
velocity be directed against the directionsof wave 
motion, then Ap is 180° out of phase with the slope 
of the wave, and the sign in equations (29) and 
(30a) must be reversed. Hence 


ieee a (U—C)k?eC for C>U  (80b) 


Jeffreys assumes Fy to be the only important 
source of wave energy. On this assumption the 
energy of a wave can increase only if Ry exceeds 
Ru, the rate at which energy is dissipated by 
viscosity, or if, according to (7) and (30), using 
(3a), 

sp’ (U—O)*C>4ug 


This is Jeffreys’ criterion for the growth of deep 
water surface waves. According to (31a), waves 
cannot grow if, approximately, 


Sy TEE 
C>U 4 ap 
and the wave velocity cannot exceed the wind 
velocity during the stage of growth. Jeffreys 
evaluated s from equation (31a) by noting that 


for a given wind velocity the term on the left- 
hand side is at a maximum when 


1 


(31a) 


(31b) 


The least wind which can maintain waves is, 
therefore, 
_3(4#9)3 
Una =3( £9 (32b) 
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Observations by Jeffreys gave Umin approxi- 
mately 110 cm/sec. With this value and with 
p=0.018, g=980, and p’=1.25 107-3, one obtains 
SS O)e2ile 

The corresponding wave velocity is Umin/3, or 
about 35 cm/sec, the corresponding wave length is 
8 cm, and the wave period 


T min= 0.22 seconds (32c) 
Observations by others agree as to the order of 
magnitude of the least wind velocity and the 
smallest wave length. 

The mechanism described by Jeffreys appears, 
therefore, to give a satisfactory explanation for 
the initial formation of waves. However, it is 
not possible to apply Jeffreys’ concept and his 
numerical value of s when studying the growth of 
waves after their initial formation because the 
observed increase in wave height indicates that the 
transfer of wind energy is only about one-tenth of 
that demand by Jeffreys. This conclusion is sub- 
stantiated by experiments conducted with small 
wooden models of waves placed in a wind tunnel 
(Stanton, 1937). The pressure distribution along 
the wave profile was measured and the amplitude 
of the component in phase with w, (28b) deter- 
mined from a harmonic analysis of the pressure 
distribution. The sheltering coefficient can be 
evaluated from these measurements, using equa- 
tion (29), 


ApL 


Ue 


The results are summarized in table 3. 


Table 3 


Determination of Sheltering Coefficient From 
Experiments by Sir Thomas Stanton (1937) 


= mak 
F - Wave | Wave Wind 
Te oy ie tunnel length | height | velocity 8 
he (em) | (cm) | (cm/sec) 

- 055 325 0. 036 

- 55 470 - 047 

peat 330 - 068 

11 580 . 090 

0.75 1, 400 - 006 

Zoe c S| Eee eae - 049 


Although the measurements were subject to 
large experimental errors as indicated by the wide 
variation in s, the average shows clearly that 
Jeffreys’ value of 0.27 is*too high. 


Energy Transfer by Tangential Stress 


Jeffreys did not take into account a transfer of 
energy by tangential stress because he considered 
this process as negligible compared to the transfer 
by normal pressure, but the following considera- 
tions show that tangential stress cannot be 
neglected. 

The average rate at which energy is transmitted 
to the wave by tangential stress equals 

WL 
Bo=z | “rude (33) 
0 
where wu, denotes the horizontal component of 
particle velocity at the sea surface and where r is 
the stress which the wind exerts on the sea 
surface. 

At wind velocities above 500 cm/sec the stress 
of the wind equals (Rossby, 1936) 

T=Y'p" G2} 
where p’ is the density of the air, U is the wind 
velocity at a height of 8 to 10 m and 7’ is the 
resistance coefficient. 

Various types of observations have consistently 
led to the value 

y?=2.6 10-3 (34b) 


provided that the wave velocity does not differ too 
much from the wind velocity. If this condition is 
not fulfilled the value of y? is probably greater. 
Introducing (34a) in (83), assuming 7 to be in- 
dependent of x: 


(34a) 


Rr=e'U? [pute (35) 
For waves of small amplitude 
Up= 75C sin k(x— Ct) 
and the integral in (35) vanishes. This, appar- 


ently, led Jeffreys to assume that energy trans- 
mitted by tangential stress does not play an 
important part in the generation of waves. For 
Stokes’ waves of finite amplitude, which are 
accompanied by mass transport (10), the integral 
in (35) has the value 

Ww p= 7'5C (36) 
and, therefore, 


Rr=y'r'p'* CU? (for U>500 cm/sec) (37) 

It would be more correct to write (U—u’,)? 
for U? in equation (37), since stress is caused by 
the wind velocity relative to the water surface, 


but since wu’) is small compared to U, (37) gives a 
satisfactory approximation. 
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The energy of waves can increase only if (Ry+ 
R,) the rate at which energy is added by both 
normal and tangential stresses of the wind exceeds 
Ru, the rate at which energy is dissipated by 
viscosity, or if, according to (7), (30), and (37), 


sp’ (U—C)?C+ 279’ WC >4ug (38) 


where + refers to CCU. 

Equation (38) now takes the place of (31), the 
Jetfreys criterion for the growth of waves. Accord- 
ing to the latter, waves cannot attain velocities 
exceeding the wind velocity, but equation (38) 
does not place this restriction upon the develop- 
ment. Take, for example, C=U and let U—500 
cm/sec, the lowest wind velocity for which (34) 
and hence (37) are valid. Then sp’ (U—C)? C=0, 
2y?p’ U?C=812, and 4ug=71; hence, according to 
(38), waves continue to grow even after their 
velocities exceed that of the wind, in agreement 
with observations. Since it must be assumed 
that the wave velocity increases the longer the 
waves travel, the ratio B=C/U will indicate the 
state of development of the wave and can appro- 
priately be considered a parameter which describes 
the age of the wave. 

Equation (38) is valid for U>500 cm/sec only 
and therefore cannot be applied to the problem 
of the first‘formation of waves, which takes place 
when U is about 100 cm/sec. At wind velocities 
less than about 500 cm/sec the sea surface is hydro- 
dynamically smooth (Rossby, 1936) and the rela- 
tion between the stress and the wind velocity 
differs from that expressed by' (34a). The problem 
of the initial formation of waves must therefore 
be approached in a different manner. It deserves 
further attention but lies outside the scope of this 
paper which deals with the growth of wind waves 
at wind velocities above 500 cm/sec. 

It is of interest to compare the accuracy of Rr 
and Ry, as defined by equations (37) and (80). 
Ry depends mainly upon the accuracy with which 
u’ and 7? (17b) are known. The expression for 
wu’ has been checked experimentally and found 
to be in good agreement with theory. The 
numerical value of the resistance coefficient y’ has 
been arrived at by several different methods but 
is, as already stated, applicable only to wind 
velocities exceeding 5 m/sec, for which the sea 
surface can be considered hydrodynamically 
rough. Otherwise it is independent of wind 
velocity. One might estimate roughly that R; can 
be obtained from equation (37) with an accuracy 
of +25 percent. The accuracy to which Ry can 


be obtained from (30) depends mainly upon the 
knowledge of the ‘sheltering coefficient’”’ s, and 
upon the extent to which it remains constant. 
Especially during the early stages of growth, a 
variation in s might be expected. A detailed 
theoretical and experimental investigation of 
energy transfer by normal stress would be highly 
desirable because the accuracy to which Ry can 
be evaluated is less than the corresponding ac- 
curacy for Ry. Fortunately, the term Rr plays a 
more important part in the development of waves 
than Ry (see p. 23). 


Friction 


The effect of molecular viscosity is small com- 
pared to the wind effects. Collecting constants, 
by putting A=2y’p'/p and a=s/2y?, equations 
(30), (87) and (7) become: 


Pp= EAgU-1p-8 (39) 

|Ry|= HAgU-'B-*a(1— 8B)? (40) 
i 2 

Re ait RU 6 (41) 


From equations (39), (40), and (41): 


| iy an eee Aug 
RrtRy  pA[l ta(1—8)*] 


U-p- 


With »=1.8X10-?, g=980, p=1, A=6.5X10-° 
and a=2.5, as will be shown later: 


Ru ow 109X710! 
RrptRy 1: 2.5(1—p)- 


For U=500 and g=0.1 (C=50): 


Wmba 


THEORY FOR THE 


ane: : 
Significant” and ‘Conservative’? Waves 


In the last sections we have tacitly assumed the 
existence of infinite trains of waves, but in the 
oceans we have to deal with trains of finite length. 
Within the gencrating area there always exist a 
large number of such trains of waves of different 
lengths, traveling with the wind or at small angles 
with the wind direction. From interference and 
criss-crossing there results an extremely irregular 
appearance of the sea surface, but the larger waves 


For U=1,000 and B=0.1 (C=100): 


For all but very small values of 8 and for moder- 
ate and large values of U, Ru is small compared to 
R;+ fy and can be neglected when dealing with 
the growth of waves. 

After waves have left the storm area and travel 
through regions of calm, the effect of ordinary vis- 
cosity is still negligible. An 8 second wave, for 
example, would have to travel more than 2 years 
and could complete 10 ‘‘equatorial round trips’ 
before its height would decrease by 63 percent 
(1/e=0.37). 

It may be argued that the rapid decay of waves 
could be explained by introducing an eddy vis- 
cosity, as is done in order to account for the low 
velocities of wind driven currents. When dealing 
with wind currents the eddy viscosity has been 
found to be from 1,000 to 100,000 times as large as 
the ordinary viscosity, but when dealing with 
waves the introduction of an eddy viscosity seems 
undesirable for the following reasons: 

1. The decrease of particle velocity with 
depth would be much more rapid than is shown 
by equation (5), which has been verified by 
observations. 

2. The eddy viscosity applicable to wind cur- 
rents gives much too rapid a decrease of wave 
height, and it would be necessary to introduce 
a smaller coefficient applicable only to wave 
motion. 

3. The observed decrease of wave height can 
be explained as the effect of air resistance 
against the advancing wave. 

Assuming, therefore, that dissipation takes 
place by ordinary viscosity only, the effect of 
friction is neglected. 


GROWTH OF WAVES 


12 


can be recognized and the theoretical relationships 
between period, length, and velocity apply to 
these (Kriimmel 1911, Sverdrup et al, 1942). 
Because of the simultaneous presence of many 
trains the wave characteristics have to be de- 
scribed by some statistical terms. For that 
purpose it has been found convenien: to introduce 
“the average height and period of the one-third 
highest waves.’’ The waves’ defined in this 
manner are called “the significant waves,’ but 


the definition requires further refinement because 
the composition of the “‘one-third highest waves” 
depends upon the extent to which the lower waves 
have been considered. Experience so far indicates 
that a careful observer who attempts to establish 
the character of the higher waves will record values 
' which approximately fit the definition. It is also 
found that the-concept of ‘‘significant waves’’ is 
essential for the purpose of forecasting. 

The significant waves behave differently com- 
pared to the classical waves in a single finite 
train. The wave crests in such a train maintain 


their identity, that is, the waves are conserva- 


tive, and according to (12): 


OCMC OC es 

Of 2Or me () 
A steady state (0C/Ot=0) cannot exist simul- 
taneously with an increase of wave velocity (or 
period) with distance in fetch; nor can a transient 
state exist during which the wave velocity (or 
period) increases with the time but remains uniform 
over an area (OC/Ox=0). 

These conclusions are in contrast with ordinary 
experience as to the behavior of the significant 
waves. When a wind of constant velocity has 
blown for a long time over a limited stretch of 
water, such as a lake, a steady state is established. 
At any fixed locality the significant waves do not 
change with time, but on the downwind side of 
the lake they are higher and longer than on the 
upwind side. If, on the other hand, a uniform 
wind blows over a wide ocean, waves grow just 
as fast in one region as in any other region and the 
significant waves change with time but do not 
vary in a horizontal direction. 

The discrepancy between the behavior of signifi- 
cant waves and individual waves must lie in the 
fact that the crests of significant waves do not 
maintain their identity: in the storm area signifi- 
cant waves are not conservative. The implica- 
tions of this conclusion are as yet not clear but 
it is possible that the significant waves represent 
interference patterns which in a given locality 
are formed by ever-changing combinations of 
wave trains. In all events, relationships between 
waves and wind, fetch, and duration which shall 
agree with empirical results must be based on a 
study of significant waves. Such a study repre- 
sents a radical departure from the study of the 
conservative waves of the classical theory. 


Energy Budget of Conservative and of Signifi- 
cant Waves 


The transient (or unsteady) state will be dis- 
cussed first. The total energy per unit crest 
width of a wave equals EL, where E is the mean 
energy per unit surface area. The energy added 
each second by the normal pressure of the wind 
equals +RyL (30) and that added by the tan- 
gential stress equals R,L (37). 

Only half the energy, the potential energy, 
travels with the wave (18). Kinetic energy is 
constantly gathered at the forward edge of the 
wave, and left behind at the rear edge. This 
feature can be illustrated by considering a paral- 
lelepiped of unit width, extending to a depth 
below which wave motion is negligible, and whose 
forward and rear edges travel beneath two ad- 
jacent crests (fig. 4). At the forward edge of the 
moving paralielepiped energy is gained at the rate 


CELL 2(c%) 


and at the rear edge energy is lost at the rate 
CE/2. 

The total energy budget can therefore be 
writien: 


see =| Rr Bvt alee) lz 


The rate at which the wave length increases and, 
therefore, at which the parallelepiped ‘‘stretches”’ 
is determined by the difference in speed between 
the adjacent wave crests: 


dL Bete 


(43) 


dL oC _ 
dt Or 


Since C?=gL/2r, this equation can also be 
written 


oC 2dC 
== Gidi (44) 
and (43) takes the form: 
dE E _ COE _ 


In this form the above equation applies to a train 
of conservative waves, but not to significant waves 
because experience shows that under the stated 
conditions the energy of the significant waves is 
independent of z: 


(46) 
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Figure 4.—Energy changes of an individual wave of length L traveling from left to right with velocity C. 


With this condition (45) takes the form 


dE , EdC 


Git O deen (47) 


which will be further examined. It is not imme- 
diately apparent that this equation can be applied 
to nonconservative systems, but when the con- 
stants in the, solution are evaluated for the sig- 
’ nificant waves the results check with observations. 

Integration of (47) gives the change with time 
of the significant waves at any locality in the 
storm area. Jnitially the significant waves will 
have originated in the immediate neighborhood 
of the locality considered. As the time increases, 
the waves reaching this locality will have travelled 
a longer time and originated at larger distances. 
In practice the distance from which waves can 
come is limited by the dimensions of the storm 
system or by a shoreline. This distance is called 
the fetch. 

The time necessary for the waves to travel from 
the beginning of the fetch to the locality in ques- 
tion is called the minimum duration, tny,. If the 
duration of the wind exceeds tm, the character 
of the significant waves that are present in the 
fetch remains constant in time: a steady state 
is established. 

To examine the steady state, consider a parallel- 
epiped fixed in space of unit width and length 6z, 
but otherwise similar to the one considered above. 
Since the parallelepiped is fixed in space, potential 
energy flows into the volume at the rear edge at 


14 


the rate CH/2 and leaves at the forward edge at 


the rate 
IO fe) 
0f+Z(0F i 


The local change in energy must equal the sum of 
the amounts which enter or leave the parallele- 


piped: 


OL fa) E™ 
fan éx= — (05 Jat (Rr+Ry) bx 


or, rearranging, 


oLE CoE, Ed 
Dio On OnOn 


=R,7+Ry (48a) 


This equation corresponds to (45) and applies to 
conservative waves.. In order to apply it to the 
significant waves which are present over a limited 
fetch after a steady state has been reached, we 
write 
of 
Sine 


and obtain 


Ode oY Ry tRy (48b) 
This equation is equivalent to (47) and the com- 
ments on the applicability of (47) apply. 

The solution of equation (48b) gives the height 
and velocity as function of fetch after a steady 
state has been reached, that is, fort=tam. It will 


be shown later how tn, depends upon fetch and are two nondimensional parameters to be called 
wind velocity. The value of ftnin determines wave steepness and wave age. 


whether equation (47), the duration equation, or According to (6) and (52) 
(48), the fetch equation, is to be used for deter- dE 2dH 2ds 4d WdE 2d) aide 
mining the characteristics of the significant waves. Hd; dx ddr’ B dz Hiding Ae B di 
The meaning of equations (47) and (48) can be (54a, b) 
further illustrated. Let the subscript ‘‘z’’ denote : ; : 
steady state conditions and the subscript ‘t”’ Assuming that 6 is a function of 6 only: 
transient state conditions. Let dé __di dp | dé _d5 dB 
Hs _CdE | be _dE eR dx dBdz dt dB dt 
ATT DD Grp OT Rs ; With these substitutions and the expressions 


for Ry and Fy already given in (89) and (40), the 
equations for the steady state and the transient 
state can be written in the form 


denote the increments of energy going into the 
increase of wave height, and let 


lig = ne | Re= 7 a (50a, b) % —2Agu-2p-*e os 4B _ Ag U-1g-2! +a(1 =A 
be the increments of energy going into the increase Dames dB aa 6 dB 
of wave velocity for the steady and the transient (55a, b) 
state, respectively. Equations (48) and (47) can) Shore the upper sign (+) refers to BX 1. 
then be written: Equations (55) relate the dependent variables 


Rort Raz=RrtRy | ReitRa=Rr+Ry (Sla,b) 46 and @ to the independent variables z and ¢. 


The Fundamental Equation Complete solutions can be found in one of two 


ways: 
According to equation (4) 1. Eliminate either 5 or 6 (or the equivalent 
on Qn i dimensional terms H, 7) from the equations by 
H Cai miGie kee (52) deriving solutions of the type 5=6 (z,t)on the basis 
where of completely independent considerations. The 
5 A 8 C (53a, b) study of wave dispersion, for example, does indi- 
-—F> ? — . . : ° 
L U : cate solutions 7=T (z,t) which, when substituted 
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Figure 5.—Relation betweer: wave steepness and wave age. Observed values shown by symbols, assumed 
relationship shown by full drawn line. 


15 


into equations (55) may make it possible to solve 
for H=H (z,t). 

2. Determine a relationship, 5=f (8), between 
the dependent variables from empirical evidence. 
The latter procedure has the disadvantage of 
being semiempirical, but it is the only one found 
possible so far. 


Observations of Wave Age and Wave Steepness 


It has been assumed that 6 is a function of 6 
only. Such a relationship has already been sug- 
gested by Kriimmel (1911, p. 82) who writes that 
“the ratio of wave length to wave height depends 
upon the stage of development of the waves; in 
case of a ‘young’ sea the ratio L/H (1/5) equals 
10 or may be even smaller, but this ratio increases 
for a more advanced stage. * * *” 

In the past many fruitless attempts have been 
made to relate wave steepness to wind velocity or 
other variables, but it has not been attempted to 
relate steepness, H/L, to wave age, C/U. Sucha 
relationship is suggested by dimensional consider- 
ations and, if existing, has the advantage of being 
independent of fetch and duration. The question 
can be examined by means of the 128 sets of ob- 
servations entered in table I of appendix II. The 
corresponding values of the two nondimensional 
parameters 6 and £ are plotted in figure 5, which 
clearly demonstrates that the two variables 
are related. 

The data have been collected from many 
different sources and from many localities, varying 
from a pond at Kensington Park, London, to the 
trade-wind belt of the North Altantic. Observa- 
tions listed under Gassenmayr, Officers United 
States Navy, Paris, and Schott were taken before 
the turn of the century. Many of these old obser- 
vations from small vessels are more reliable than 
recent observations. 

Wave data listed under Gibson, Berkeley, and 
Ehring represent values based upon a statistical 
analysis of instrumental records. Gibson recorded 
waves against a pole in Buzzards Bay by means 
of a moving-picture camera, and the wave charac- 
teristics entered in the table apply to the average 
of the one-third highest of 20 or 30 waves. The 
Berkeley observations were taken from a United 
States Navy Weather Patrol ship by means of an 
automatic pressure-recording instrument and the 
wave characteristics apply to the one-third highest 
of a small number of waves. The single point in 
figure 5, which is based on the observations dis- 
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cussed by Ehring, deserves particular attention. 
It gives the significant wave age and steepness 
derived from a statistical analysis of 579 waves 
from a 30-minute instrumental record in the North 
Sea. Observations marked U.S. 8S. Augusta were 
taken by a weather officer during the invasion of 
Normandy those marked H. M.S. Forrester during 
an Atlantic crossing in February 1944. Some 
casual observations at Dover prior to the invasion 
of the continent are also included. The observa- 
tions mentioned in this paragraph were obtained 
from unpublished reports. 

According to figure 5 the steepness reaches a max- 
imum value of about 0.10 as stated by Kriimmel 
and as has been mentioned in reports from Great 
Britain. The maximum steepness occurs for 8 
approximately 0.4, drops off somewhat for younger 
waves and diminishes rapidly for older waves. 


Derivation of an Equation for Wave Age and 
Steepness 


An empirical curve could be fitted to the 
empirical data shown in figure 5, and equations 
(55) and (54) could be integrated numerically. 
Instead, an analytical relationship between 5 and 
B will be chosen and the integration will be carried 
out analytically. The choice of the relationship 
can be guided by physical considerations. It is 
common experience that the wave period increases 
continuously* with z or ¢. Evidence will be given 
later but here it will be assumed that 

Re>0 (56) 

If it is assumed that the energy transmitted to 
the waves by tangential and normal pressures is 
divided in a certain fixed manner between the 
energy required to increase wave height (Ry) and 
wave velocity (fc), then either of equations (51) 
can be split up in the following manner: 


Ry=(1—)Rr£(1+2) By | Gae) 
Ro=rRr¥~ Rw (57b) 
where the signs are determined by (56). Addi- 


tion of equations (57a) and (57b) leads to (51). 


*Leonardo da Vinci was familiar with this when he wrote: “‘L’onda quanto 
piu si muove piu si abassa, e piu si dilata a piu fa veloce” (the further a wave 
moves, the more its height decreases and its length and velocity increase). 


Introducing the definitions of Rc, Rr, and Ry into 
(57b) gives 


dB 


ae — AG Wim Bimin bh + (1—8)?] (58a) 
dB 19-2 __ Q)2 
di =AgU Br [1 = (1— 8)? (58b) 


and by comparison with (55) leads to the following 
analytical relationship between 6 and B: 


ene. (a8) 


6)’ (59) 


Agreement between equation (59) and the 
empirical data in figure 5 for all but the youngest 
waves justifies the assumptions made regarding 
the “energy split-up.”” It would have been pos- 
sible to establish an equation involving 6 and 8 
by applying certain technique of curve fitting, 
but in view of the scatter of the observations it 
seemed preferable to find the relationship from 
physical assumptions and to use the observations 
to evaluate the constants. 

Equation (59) can be written: 


ding _1+a—2(r+o)B+(r+a)p’_ 2 


2 
SS 2rp?(2—B) gy OS6S1 
(60a) 
GIO fie Gate) (Bel) 2 2 
dp 2rgll+(@—1))) + 8B’ 1<8 (60b) 
whose integrals are 
Opie Lone 1—b_ite 
i 4r iB In(2— Bg) + 
5} 20r—1 1 
ot In 2 0<sX1 (61a) 
ino = —2 EET ing —*E* Inf + (8—1)"1+ 
1 T 
se 


AS tan-"(6—1), 1<8 (61b) 
where 6, refers to the wave steepness when 
Bl 

According to (61a) 60 for B=0. This is not 
in agreement with experience because very young 
waves are known to have considerable steepness 
and even the smallest waves generated by wind 


gusts have finite velocities and heights (equation 


32c). For that reason it will be assumed that 
ding _ (62) 
ap B=<p" 
Ind=1nd,+ ms (63) 


where 6) and m are constants to be determined by 
the conditions that 6 and d6/d8 must be continuous 
at B=’. Since 6 cannot be zero, the logarithmic 
curve should not be drawn all the way to the 
y-axis but the initial development of the wave is 
so rapid that the exact form of the logarithmic 
relationship is of very little consequence to the 
later development of the wave. 


Evaluation of Numerical Constants 


The logarithmic relationship (62) is assumed 
applicable from B=0, 5=6 to B=6’, 6=6’. Assum- 
ing continuity in slope at §’, equations (60a) and 
(62) give 


ele (tea) Bats (eae) 88 _ 2 
while if 6 is to be continuous 
Ini, =Ins, —* E21 F EES nop) + 
3 20r—1 1 
sat oornt In ame" (64b) 


according to (61a) and (68). 

The steepness reaches a maximum, to be denoted 
by 6’’, for B=£’’, which is found by setting 
diné/d8=0 in (60a): 


etal: Pil 

ioe Vx 

The corresponding value of 6’’ is given by (61a) 
for B=6’’. At B=1, 6=6, by definition. 


The wave height reaches a maximum, H,,, for 
B=Bm, where according to (52) 


(64c) 


dé 
dpuce a? 


and, from ce 
1—r = 


(64d) 


The corresponding value of the steepness, 6,,, can 
be determined from (61b) by substituting B=6n. 

In choosing numerical values for the constants, 
particular attention was paid to the point 6’’, B’’. 
The theoretical maximum value of 5 is ¥ (9b) but 
according to Kriimmel, British reports, and the 
data in figure 5, 6 does not exceed %o. The value 
of B’’ must be approximately 0.4 and that of 6, 
0.04. These considerations are sufficient to de- 
termine the chief constants, r, «, and 6. The 
fourth constant, 6’, was chosen to give 5) approxi- 
mately 0.05, but its value is only of secondary 
importance. 


In this manner the values of the constants can 
be determined within fairly narrow limits. In 
choosing the exact values adjustments were made 
on the basis of other empirical relationships, 
particularly the ones dealing with the decay of 
waves, but by far the greatest emphasis has been 
placed on the relationship between wave steepness 
and wave age. The curves in figure 5 are based 
upon the following exact values of the numerical 
constants: 


ol | Value Source Par | Value Source 

r 0. 580 (ee . 407 | Equation 64c. 
@ 2. 500 4 - 0990} Equation 6la. 
™ 1.627 | Equation 64a. 61 - 038 

50 - 0537} Equation 64b. Brn 1. 369 Equation 64d. 
gf’ 350 Sm . 0219} Equation 61b. 


2095 Equation 61a. 


Wave heights decrease for B>8,, but younger 
and shorter waves which must also be present 
will be most significant. For that reason the sec- 
tion of the curve to the right of 8,, is dotted and 
will be neglected in practical forecasting. 

The solid line in figure 5 is assumed to represent 
the relationship between significant wave steep- 
ness and age. Other relationships, such as wave 
height and velocity as functions of fetch or dura- 
tion, and the decay of waves, follow directly and 
can be compared to observational evidence as 
check of the validity of our assumptions. 


Wave Velocity, Wave Height, Fetch, and 
Duration 


The wave velocity will be expressed in non- 
dimensional form by means of the wave age, 
B= C/U 

(a): 0<BSp’ 

Substituting (62) in (55): 


d 1 — 8)? 
B= 2AgU-*p-* ee (65a) 
dp _ Sync 
Fa AG Wim Bae anteoT em (65b) 
with the solutions 
a afe+S B+ KiB+5 (2Kk,—K,K;). 


ae + K+ ‘m(® ete) 


(RR le tan 8] (66b) 


gt 
OF 


where 
K\=5- +2=3.536 
K,=2.4+3-+=5. 673 
K,=1+4=1.400 


K,=a(2K,—K,K;— K.K;) = —2.446 
are combinations of known constents. 
(b): 6’<pS1 
using the upper signs of (58): 


48 _9 AgrU-*6-2(2—B) 
G—AgrU-p2—p) (67a, b) 
with the solutions 
guna, a §-3 + 
f-Z[ms, g 2 |—Ks 
f=-[@—p)—2n@—p)|—K, (68a, b) 
where 
K,=3.539 X10? 
K,=1.705X 105 (69a, b) 


are constants of integration, chosen to make solu- 
tions (66) and (68) continuous at B= 8’. 


(jel p 
Using the lower signs of (58): . 


1B 9 AgrU-*p-U1 + (8-1) 


dz 
10 = AgrU~6-[1+(B—1)"] (70a, b) 
with the solutions — 
2. 
Fe= sa; (inlio(e*—26+2))1+5+ 
26—2 tan“ (B— 1)—5|—K, (71a) 
f= [6-+In(s—26+2)]—K, (7b) 


where K, and K, are the constants in equations 
(69). 

A graph of 6 against the nondimensional fetch 
parameter gz/U? (equations 66a, 68a, 71a) is 
shown in figure 6; against the non-dimensional 
duration parameter gt/U (equations 66b, 68b, 71b) 
in figure 7. The continuity of the solutions 


throughout the entire range is apparent, but in 
accordance with the assumption that the character 
of the sea surface is determined by the highest 
waves present, 8 remains constant after reaching 
a value of 6, (64). Comparison with observa- 
tions, which are indicated by points, will be made 
later. 

Wave height will be represented by the nen- 
dimensional parameter gH/U*. According to 


(52): 
NEE, ; t 
a= 2x08 =i( Fr or (G) 


because 5=/(@) (fig. 5) and B=f(gx/U”) (fig. 6) or 
B=f(gt/U) (fig. 7). The wave heights are plotted 
nondimensionally in figures 6 and 7. Comparison 
with observations will be made later. 


(72) 


General Case 


So far, the growth of wind waves has been 
examined in two special cases; the growth with 
fetch, assuming constant wind of unlimited dura- 
tion, and the growth in time, assuming a constant 
wind blowing over an unlimited fetch. Under 
actual conditions both fetch and duration are 
limited, and for any given situation the wave 
height and age from the fetch graph (fig. 6) will 
differ, in general, from height and age from the 
duration graph (fig. 7). The smaller of the two 
values is considered valid for the following 
reasons. 

If a wind of constant speed has blown for many 
hours over a small lake the height of the waves 
depends entirely upon the distance from the up- 
wind shore. If, on the other hand, a wind has 
blown for just a few hours over a fetch of several 
thousand miles the limitation of the fetch can be 
of no consequence and the wave height must de- 
pend upon the duration only. Therefore, for any 
given wind velocity the wave height is determined 
by either the fetch (fig. 6) or the duration (fig. 7), 
depending upon which of the two factors imposes 
the greater limitation to the full development of 
the waves. This can also be stated by saying 
that for any given fetch there exists a “‘minimum” 
duration, ta, for which the fetch and duration 
graphs give the same wave height and age. If 
the duration‘is less than tyi,, the waves are de- 
termined from the duration graph; if the duration 
is greater than tm, the waves are determined 
from the fetch graph. 

The minimum duration can be expressed by 
means of the nondimensional parameter ty,,U/z 


777333 O - 48 - 4 
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which is found by reading off corresponding values 
of gz/U* and gt/U for various values of 6 from 
figures 6 and 7, and dividing: 


tminU (gt | gx 
er =(¢/ t), 

As a numerical example, assume that a 20 
m/sec wind blows in an offshore direction. When 
the wind first starts to blow, :=0 and H=O over 
the entire fetch (fig. 8A). Five hours later, ac- 
cording to the duration graph, the wave height 
would equal 4 meters as shown by the straight 
line in figure 8B, but in the immediate vicinity of 
the coast the waves will be lower, and at the very 
beginning of the fetch, at s=0, the wave height 
remains zero. The point marked “P” is placed 
at the distance from the coast at which a sieady 
state has been established. To the left, upwind 
from point P, the significant wave height depends 
upon the fetch only. To the right of P the sig- 
nificant wave height is constant at any given time 
and its value depends only on the duration of the 
wind. 

As the wind continues to blow, the point P 
travels downwind. For t=5 hours P lies 60 km. 
from the beginning of the fetch (fig. 8B). For 
t=24 hours P lies 500 km. from the beginning of 
the fetch (fig. 8C), and after 130 hours when P 
has advanced 4,500 km. the waves have attained 
the maximum height and the wave height is 
everywhere determined by the fetch graph alone 
(fig. 8D). A similar reasoning applies to the 
wave velocity or the wave age. 

Let z and ¢ be fetch and duration for a chosen 
value of 8, and x-+dz, t+dt, correspond to 6+d8. 
Then the rate at which the influence of the limit- 
ing fetch advances, that is, the velocity of the 
point P, equals 


(73) 


dx__ dg/dt_C 


dt dB/dx 2 
according to equations (55a, b). Hence the region 
in which the limiting fetch is dominant expands 
at group velocity. The same conclusion was 
reached by Commander Suthons (verbal commun- 
ication). 

When developing the theory of the growth of 
significant waves, the wind velocity in the gener- 
ating area has been assumed to be constant in 
time and space. The limited experience gained so 
far indicates that satisfactory forecasts can be 
made on this assumption, especially for wind sys- 
tems separated by well-defined fronts. It might 
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Figure 7.—Wave height and velocity as functions of duration, using nondimensional parameters and relation between minimum duration, 
etch and wind velocity. Theoretical relationships shown by curves; observations by symbols. 


be possible to find solutions for the case U=f(z, t) 
by using numerical methods, but such attempts 
would involve a great deal of time and labor and 
would probably not be justified in view of the 
limited accuracy with which the fundamental 
variables, wind velocity, fetch, and duration, can 
be determined. 


Wind and Wave Energy 


In the theoretical development dealing with 
the growth of waves solutions to equation (55a, b) 
were found under two assumptions: the wave 
period increases continuously (equation 56), and 
the fundamental equation can be split up into two 
equations (57a and 57b). The latter assumption 
specified the manner in which the contributions of 
energy from the two “sources” R; and Ry, are 
distributed to the two ‘energy sinks” Ry and Re. 
The energy budget during the generation of waves 
is further illustrated in figure 9 where the light 
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solid curves refer to the energy sources, the dashed 
curves to the sinks, all expressed as percentage 
of Ry, 

li =p Sor (OF (75) 


the total energy dissipated by the wind in the 
lowest 8 to 10 meters. The significant wave has 
an energy income, e’, which must equal its total 
expenditure of energy: 


el any ve nt Re 
Ry Ry Re 


During the very early stages of wave develop- 
ment most of the energy is transmitted by normal 
stress, but for 6 larger than 0.37 transmission by 
tangential stress is domimant. With a 10 m/sec 
wind a wave age of 0.37 is reached in 1.88 hours 
and with a 20 m/sec wind, in 3.75 hours. There- 
fore, the effect of the ncrmal stresses dominates 
for a short time only, and during the greater part 
of the time during which waves grow the effect 
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Figure 8.—Growth of wave height with time and distance from beginning of fetch. 


of the tangential stress is more important. The 
ratio between the total amounts of energy trans- 
ferred by tangential and normal stresses depends 
upon £ only: 


0. 7 10 1. 369 


Ratio between total 
amounts of energy 
transferred by tan- 
gential and normal 


SUTeSSES ee ee ae ee . 87 1% 2. 84 4. 43 


For 6<1 the larger portion of the energy goes 
toward increasing the wave height, for B=1 the 
energy consumed in the increase of wave height 
and wave velocity are nearly equal, but for very 
old waves the larger portion of energy is required 
for the increase of wave velocity. 

Again it must be emphasized that as yet no 
physical significance can be attached to the split- 
up of the fundamental energy equation. This 
split-up leads, in what appears to be the simplest 
mathematical manner, to solutions consistent 
with empirical evidence, and therein lies its chief 
justification. Solutions to (55) can perhaps be 
based on other considerations such as the increase 
of wave period, but the msults obtained here are 
in svch good agreement with observations that 
the main features in figure 9 can be regarded as 
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significant. Any other attempts to find solutions 
must lead to similar results. 

A very small portion, about 1 percent, of the 
wind energy dissipated in the lowest layer is 
transferred to the sea for maintaining the pure 
wind current. Another fraction goes into forma- 
tion and maintenance of the significant waves. 
For any “given value of 8 this fraction equals 
{(76), (39), and (40)]: 


= 7S B’[l+a(1—B)?] (77) 
where 
§ 
Omani (78) 


Actually, a number of waves of different veloci- 
ties and directions are present simultaneously, so 
that the total percentage, «, of the wind energy 
going into the formation of waves may be two or 
three times the energy needed for the formation 
of the significant waves, that is, 10 to 15 percent 
of the wind energy dissipated in the lowest layer 
may go toward increasing and maintaining the 
energy of waves. 

With o=2.50 and y?=2.6 107%, one obtains 


s=0.013 (79) 


This value is lower than that derived from Sir 
Thomas Stanton’s experiments (table 3), and it is 
very much lower than Jeffrey’s value of 0.27. If 
the latter value were valid, it would imply that 


all the dissipated energy would be required for 
raising the significant waves alone, but no support 
can be found for such a contention. 


€'= R,/RU+ Ry /R, 


=R/R+R,/Ry 


Figure 9.—Energy budget for growing waves. Solid lines show amounts of energy transmitted by norma! 
and tangential wind stresses; dashed lines show amounts needed for changing wave height and wave 


velocity. 


atmosphere and are shown as functions of wave age. 


OBSERVATIONS OF THE GROWTH OF WAVES 


The sea surface does not appear as a sequence 
of rhythmic waves but in spite of its irregular 
appearance it is possible to apply the terms wave 
period, wave length, and wave velocity, because 
same of the waves are- more conspicuous than 
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All amounts are expressed as percentages of the energy dissipated in the lowest layer of the 


others and their characteristics can be observed. 
Simultaneous measurements of two or three of 
the wave characteristics, C, LZ, and T, afford 
checks on the possibility of applying the wave 
theory since they are so interrelated that if one 


is measured the »ther two can be computed 
(equation 4). Numerous measurements (Kriim- 
mel, 1911, or Sverdrup et al., 1942, p.526) are in 
fair agreement with theoretical expectation. The 
theory also requires the ratio H/L not to exceed 
1/7, a fact fully confirmed by measurements 
which rarely give values as high as 1/10. There- 
fore, observations show that the wave formulae 
are applicable to wind waves. 

The empirical knowledge of the relation between 
Wind and waves, however, presents a picture of 
confusion because the variables which influence 
the development of waves have not been properly 
recognized and separated. A complete observa- 
tion should consist of at least the following five 
variables: 

a. Significant wave height, H. 

b. Significant wave period, 7, or velocity, C, 
or length, L. 

c. Wind velocity, U. 

d. Wind fetch, z. 

e. Wind duration, é. 

It must furthermore be bdrne in mind that the 
waves in any one region are the result not only 
of local winds but also of winds in other areas, 
and that the relation between wind and waves 
during the periods of growth or of decay (sea or 
swell) should be considered separately. 

Although ‘numerous wave observations have 
been taken, only relatively few are complete in 
the above sense. Even these observations are 
unreliable, partly because the measured quantities 
are poorly defined. For ready comparison with 
theory, observations of growing waves have been 
grouped into the following five classes: 


Tabulation Graph 
1. 6 as function of 8-__ Appendix 2, table I. Fig. 5. 
2a. gH/U? as function of Appendix 2, table Fig. 6. 
gx/U. Il. 
2b. Basfunctionofgz/U_ Appendix 2, table Fig. 6. 
100 
3a. gH/U? as function of Appendix 2, table Fig. 7. 
gt/U. VOB 
3b. Basfunction of gt/U_ Appendix 2, table Fig. 7. 
1O Me 


These dimensionally correct relations will be 
discussed first, to be followed by a consideration 
of certain well-known empirical relationships: 


4, H=f(z).--- Stevenson’s law. 

5. H=f(t)_--- Boergens law. 

6. H=f(U)_-.- Zimmerman, Cornish, Rossby, and Mont- 
gomery, miscellaneous data. 

7. C=f(U)_-. Zimmerman, Cornish, Schott. 
neous data. 


miscella- 
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These latter relationships are incomplete. Ste- 
venson’s law, for example, is applicable to ‘“‘maxi- 
mum wind velocities” only, and objections can be 
raised to most of the other relationships. It will 
be shown, however, that the established empirical 
laws, although dimensionally erroneous, give 
numerical values which appear reasonable in the 
light of their nondimensional relations listed above. 

1. Wave age and steepness.—This relationship is 
based on 128 sets of observations, tabulated in 
table I, appendix 2. The individual observations 
have been numbered because they also appear in 
the other tables where they can be recognized by 
their number. The observations are plotted in 
figure 5, where the solid curve is assumed to repre- 
sent the true relationship. Various constants 
have already been determined on the basis of this 
curve, and the observations have been previously 
discussed (p. 16). 

2a. Wave height against fetch and wind velocity.— 
The observational material consists of 39 observa- 
tions from various sources. Those marked ‘U. 
S. ENGINEERS” were taken from the Milwau- 
kee lightship in Lake Michigan (U. S. Engineers, 
1932). The wave height was determined by 
measuring the rise and fall of the water surface 
along a graduated line. According to the original 
report, “sufficient readings were taken at each 
observation for a representative wave height to be 
obtained.”” Wind velocity, fetch, and duration 
were determined from Daily Synoptic Series 
Northern Hemisphere Sea Level Weather Maps, 
but the direct wind observations on the lightship 
were also taken into consideration. According to 
the minimum duration graph in figure 7, all 
observations were limited by fetch. 

Observations marked ‘U. 8. S. Augusta” were 
taken visually by Commander R. C. Steere, USN, 
off the Normandy Beach Head (unpublished re- 
ports), and the fetch, duration, and wind velocity 
were determined from available weather data. 
Cornish (1934) has compiled some of his own very 
careful observations. Gibson’s observations have 
already been discussed when dealing with wave 
age and steepness (p. 16). 

All observations are expressed by the nondimen- 
sional parameters gH/U?, gz/U and plotted on 
figure 6. They show good agreement with theory. 

2b. Wave velocity against fetch and wind ve- 
locity.—This relationship can be tested by means 
of 19 observations. The wave velocity is ex- 
pressed in nondimensional form by the ratio C/U, 
the wave age. Four observations were obtained 


by Stanton (1937) in an experimental 50-foot tank 
under closely controlled conditions. The other 
sources of observations have been discussed 
already. All observations have been tabulated 
(table II, appendix 2) and plotted on figure 6, 
and they are in fair agreement with theory. For 
large values of gz/U? the observed values lie 
slightly above the theoretical values. When 
examining the agreement between theory and 
observation (fig. 6) it should be considered that 
observed values of fetch vary between 50 feet and 
more than a thousand kilometers, and that other 
parameters also vary over wide limits. 

3a. Wave height against duration and wind 
velocity.—Seventeen observations could be found 
to test this relationship. Observations marked 
“BERKELEY” were taken by means of instru- 
ments from weather ships in the Pacific (unpub- 
lished reports). Fetch, duration, and wind veloc- 
ity were determined from weather maps. Dura- 
tions were corrected for initial wave heights 
according to the method given in H. O. Misc. 
11275. One observation off the coast of Massa- 
chusetts by Emmons and Clarke (unpublished 
report) was adjusted in a similar manner, but the 
wave height was determined by a photographic 
method. For the iatter observation the duration 
time was unusually well defined since the waves 
were generated by a storm which formed very 
suddenly. One observation marked ‘“‘DOVER,” 
England, was also taken during a period when the 
wind rose abruptly from zero to Beaufort 4. Ac- 
cording to Kriimmel (1911, p. 75), an old observa- 
tion by Paris is of particular interest: ‘He noticed 
waves in the southern Indian Ocean rising to an 
over-all height of 6 to 7 meters as a result of a 
strong storm which lasted 4 days or, roughly, 100 
hours, with remarkable uniformity. The fetch 
can undoubtedly be set at infinite* * *.” This 
wave height was considered by Kriimmel to repre- 
sent the maximum wave height for the existing 
wind of 16 m/sec, a conclusion which, according to 
figure 7, agrees remarkably well with theory. The 
other observation was taken during the same se- 
quence after a duration of oniy 24 hours. One 
observation by Kriimmel himself in the equatorial 
Pacific is also included (Kriimmel, 1911, p. 17). 
The observations available at this time confirm 
the theoretical relationship between wave height, 
gH/U,? and duration, gt/U, but further observa- 
tions, particularly for short durations and at very 
high wind velocities, are very desirable. 
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3b. Wave velocity against duration and wind 
velocity—The manner in which all 15 observations 
plotted in figure 7 were taken has already been 
discussed. Here the agreement between theory 
and observations is poorer than it has been for all 
other relationships. All observations by Berkeley 
and U.S. 8. Augusta give high values for the wave 
velocity; those marked ‘‘Dover, Kriimmel, and 
Paris” are too low. Further observations are 
particularly desirable to check the relationship 
between wave velocity and duration. 

4. Wave height against fetch—Stevenson has 
established an empirical formula giving the 
“greatest’’ wave height, H, in cm. as function of 
the fetch, z, im cm. (Kriimmel, 1911, p. 68), 
according to which 


H=0.105y'2 (80) 


The formula was established by means of data 
from lakes where the value of z ranged from a few 
kilometers up to about 250 km. Stevenson pointed 
out that for small values of z the wave heights 
were greater than those given by the above simple 
equation. For the Mediterranean, Cornish (1934 
p. 33) has verified the relation for fetches up to 
830 km., and it is generally assumed that the rela- 
tionship holds for values of x up to 1,000 km. 

The formula is incomplete since it does not take 
the wind velocity into account but it is intended 
to apply at the highest wind velocity that can be 
expected to occur. A few of the observations 
which served as basis for Stevenson’s law did in- 
clude wind velocity and those, at least, were made 
during unusually strong winds. 

The dimensionless relationship between H, 2, 
and U shown in figure 6 can be made to agree 
with equation 80 if the following relation existed 
between fetch and wind velocity: 


etch\ (km!) Ressssssseee eee 
Wind velocity (cm./sec.)_..-------- 


10 50 100 250 500 1,000 
1,230 1,260 1,370 1,600 1,870 2,100 

Such a relationship may exist because the wind 
velocities are higher over water than over land 
and the greater the body of water, the greater is 
the “‘maximum wind velocity” over the water. 

5. Wave height and wind duration.—According 
to common experience at sea a high wind can 
generate a rough sea in a few hours. C. Boergen 
pointed out (Kriimmel, 1911, p. 73) that the height 
of waves does not increase linearly with the dura- 
tion of the wind, but that the increase is rapid in 
the beginning and becomes slower later on. For 
that reason Boergen suggested a relationship 


between wave height and duration of the form 


Hn, 


HT 


(81) 
where H,, is the maximum wave height for any 
given wind velocity, and v a coefficient which 
must be determined from observations. Although 
a close comparison with the relations given in this 
report is not possible, the chief features of (81) are 
in agreement with the present theory. 

6. Wave height and wind velocity.—According to 
equation (72) the wave height equals 


H= Use" 


and depends, therefore, not only upon wind 
velocity but also upon fetch and duration, since 
6 and £6 are functions of these variables. The 
maximum wave height is found by setting B=8,, 
6=5,, (p. 18) and therefore depends upon the wind 
velocity only: 

_0.26 


Hn 
9 


UV? (82) 
Equation (82) is a dimensionally correct 
expression and is in fair agreement with the 


equation 


Ha=22U? (83) 
g 

proposed by Rossby and Montgomery (1935) 

from entirely different considerations. 

Linear relations between wind velocity and the 
general (not the maximum) wave height have 
been proposed by Cornish (1934) and Zimmerman 
(Patton and Marmer, 1932). These relations, 
together with equation (82) (marked “ o’’) and 
(83), are shown in figure 10. Several tines of 
equal fetch and equal duration have been com- 
puted according to the nondimensional relations 
of this paper and are also shown in figure 10. 
The points represent the 128 observations of 
table I, appendix 2, which were plotted on figure 
5. Where observations were too crowded for 
individual plotting they have been combined and 
are shown by large circles with the number of 
observations indicated in the center. 

Equation (82) gives a fair indication of the 
maximum wave heights but the two linear rela- 
tionships, which relate wave height to wind 
velocity only, do not fit well. Some measure of 
success of these linear relationships may be 
explained by the fact that the authors have been 
concerned mainly with the highest waves observed 
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Figure 10.—Wave height as function of wind velocity only. 


at different wind velocities. These wave heights 
will be too high at low wind velocities when it is 
likely that waves are present which were previously 
generated by stronger winds or which come from 
nearby areas. On the other hand, observed 
wave heights will be too low at very high wind 


. velocities, where the limitations imposed by the 


fetch and the duration may not have permitted a 
full development of the wave. 


7. Wave velocity and wind velocity—This re- 
lationship is shown in figure 11, the legend of which 
corresponds closely to that of figure 10. The line 
marked infinity follows from the definition of 
Bu=Cn/U (p. 17). The same 128 sets of observa- 
tions have again been entered. Three empirical 
laws, shown by the thin dashed curves, give the 
empirical relationship between velocity of the 
largest waves and the wind velocity. According to 
Zimmermann (Patton and Marmer, 1932), C= 
2.35 U?*, and hence C exceeds U for wind veloci- 
ties above 1331 cm/sec, but according to Cornish 
(1934), C=0.8 U, and to Schott (1893), C= 
0.76 U, that is, the wave velocity is less than the 
wind velocity. Observations in figure 8, however, 
show that the wave velocity frequently exceeds 
that of the wind. 
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Figure 11.—Wave velocity as function of wind velocity only. 


Cornish has discussed the relation between wind 
and wave velocity in great detail, and his conclu- 
sions are based on a lifetime of careful observations 


THEORY FOR THE 


Energy Budget 


After the waves have left the generating area 
they travel through a region of calm where the 
wind velocity is small compared to the wave 
velocity. The waves receive no energy by normal 
pressure but, on the contrary, they meet an air 
resistance. The loss of energy due to the air 
resistance, according to (30b), equals 


Ry= ~) lk’ -! sp'gH’C (84) 


The transfer of energy due to tangential stress (37) 
can be neglected: 


Therefore, from equation (57) 
Ru=—(1+2) Ry, Ro=ZRw (86a, b) 


and the decay of waves is derived from (86) with- 
out any further assumptions. 
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at sea. It is possible that his conclusions were 
somewhat influenced by Jeffreys, according to 
whom waves can grow only if their velocity is less 
than that of the wind (31), but this limitation no 
longer holds when the transmission of energy by 
tangential stress is taken into account (41). 

Observations from the trade-wind regions where 
the wind blows with nearly uniform and moderate 
velocity over large areas are highly instructive. 
Some of these observations, which have been 
plotted in figure 5, are collected in table 4. They 
were obtained by Paris (Kriimmel, 1911, p. 52, 
80) and Schumacher (1939) and show clearly that 
the wave velocities may exceed wind velocities in 
the generating area. 


Table 4 
Average Wave Characteristics in Trade Wind 
Regions 
Bees 
er 
Observa- U Cc 
table A 8 8 
ipa Locality tions made | cm/ cem/ 
pew by— sec | sec | C/U} H/L 
pen- 
dix 2 
32| Trade winds, North Atlantic_| Meteor_-__ 935) 858] 0. 93/0. 029 
17|2oaee C6 Co eee st dolitees 670) 780} i. 16} .024 
33 | see Oe al ee Ud ee Parise 590) 1,120) 1.90} .029 
34) Trade winds, Indian Ocean--|--.do_-___-- 720) 1,260) 1.75} .029 
39] Western Pacific Ocean---_-_-- Desf (ae ee Tes 860] 1, 240} 1.44] .030 
47| Westerlies, South Atlanti Pde 1,240) 1,400) 1.13} .032 
75| Westerlies, Indian Ocean_--_}--_do------- 1,490) 1,500) 1.01} .045 
WiC hinal sea sss seen eneeenee ido = 1,300) 1,140) . 88] .042 


DECAY OF WAVES 


Wave period and distance from the generating 
area.—Substitution of (49a), (50a), and (84) in 
equation (86b) gives 


1 ,pdC_rl 

2 ‘det a8 
From (4), (6), and (78), again writing A=2y’p’/p, 
one obtains 


GC 9 AgrO™, de 
Integrating from s=F (end of fetch) tor=F+D 


(end of decay distance): 


Tees D 
4 1-+169*Ar( os) 


where 7'p and 7; are the wave periods in seconds, 
respectively, at the end of the decay distance and 
at the end of the fetch. 

Travel time and distance from a generating area.— 
To obtain the travel time, tp, from the end of the 


sp’ g?EC 


dT 87’ 


=o (87) 


(88) 


fetch to the end of the decay distance, itis assumed Substituting for T from (87): 


that the disturbance travels at half the wave dH pee dT: 
velocity. The significance of this assumption is Fife ar Ie 
examined in the next section. It follows 
FED dy Am (Ft? dx and integrating again from z=F to r= F+D, ; 
of, C25 Gg Jr TF se) tte 
| Hp_(Te) * roy 
According to (87) oar 
di Le Equations (88), (90), and (92) are presented in 


Po 8a°Ar figure 12, the nondimensional decay graph. 
Intensity and distance of storm from which swell 
ine le ian ; page ‘ : 
To omar 1S (90)  comes.—Sometimes it is desirable to estimate 
; ; . properties of the storm from wave observations 
Wave height and distance from @ generating in the decay region. Equations (88), (90), and 
area.—From equation (86a), considering that (92) are not suitable because the unknowns D 


and 


dE /E=2dH/H, one obtains and 7’ appear on both sides of the equation. 
1 dH Te Rearranging terms and solving for D, tp, and U* 
eda Oa : (91) in terms of the observed quantities Hp, Tp, and 
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taking into account that =H/L=2rH/gT’, one 


obtains: 
4r 
Dera dp rte |. 

eee =) | (93) 

to eae 
peer 60 

vy tTta 

1 il op Sr-ta 
Gib. Qa op Be? 2) (9) 


Even in this form the equations are not satis- 
factory because it is impossible to eliminate all 
the unknowns. The parameters 6; and 5p-=f(6r) 
appear on the right-hand side of the equations 
which relate decay distance, travel time, and wind 
velocity to the observed quantities Hp and Tp, 
and the unknown quantity By. 

In order to use equations (93) to (95) it is 
necessary to assume values of By. This can be 
done by assuming a relationship between wind 
velocity and duration based on the common 
experience that high winds are usually of short 
duration while weaker winds may blow for a 
long time. Such a relationship determines Bp 
because when ¢ and U are known the parameter 
gt/U can be computed and @; read from figure 7. 
In figure 13 two specific relationships are shown 
in the inset, and in the upper and the lower parts 
of the figure the corresponding values of D, tp, 
and U are represented as functions of the height 
and period of the swell, Hp and T>. 

A comparison of values read off from the two 
parts of figure 13 reveals that long period, high 
swell can occur only if the wind duration in the 
generating area has been long. Thus, a wind of 
velocity 20 m/sec and duration 24 hours (curve 
A, inset) gives a swell of period 16 seconds and 
height 2 feet at a distance of 2,800 km. (upper 
part of fig. 13), but if the duration were only 12 
hours (curve B, inset) the swell at a distance of 
2,800 km. would have a period of 14.8 seconds 
and a height of only 0.9 feet. It is also found 
that for given values of Hp and T> conclusions 
as to distance of decay and travel time can be 
drawn with greater certainty than conclusions as 
to wind velocity in the generating area. 


The Energy Front 


The preceding discussion deals with steady 
state conditions in the area of decay. At any 
given locality in the area of decay significant 
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waves will attain their maximum steady state 
height after waves have been emitted from the area 
of generation for a long time. Wave heights will 
be lower at an earlier time, when the waves ad- 
vance into an area of decay which is relatively 
undisturbed. The time required to reach, for 
example, 50 or 90 percent of the wave height 
corresponding to steady state conditions must be 
found from a study of the transient state. 

Consider the fundamental equations (13) or 
(48a) as applied to the simple case of waves in 
vacuum, traveling with constant wave velocity in 
a norviscous fluid: 


OH , 0 
ny Syn on a 0 


(18) 

This hypothetical case is dealt with in an earlier 
section of this paper (p. 6). Equation (27) 
which is a solution of (13) gives the wave height 
at any given time and distance from the generating 
area with good approximation. According to (27) 
the wave height increases from a minute percent- 
age to very nearly 100 percent of its maximum 
value within a very short distance (fig. 3). The 
“‘region of sharp increase in wave height” has at 
any instant traveled only half as far as the leading 
wave; its velocity is half the velocity of the leading 
wave. For purposes of forecasting, therefore, the 
rate at which the disturbance advances in the area 
of calm should be taken at one-half the wave 
velocity, since waves further advanced than the 
center wave are very low. 

The following numerical example will serve as 
illustration. Let waves of 10-m. height and 12- 
sec. period be generated in a storm area 4,000 km. 
from the point of observation. According to 
figure 12 the wave height at 4,000 km. will have 
decreased to 270 cm., the wave period will equal 
19.5 sec., and the “‘center wave” will arrive about 
90 hours after the first waves left the generating 
area. According to equation (27) a height equal 
to 10 percent of the steady-state wave height, or 
27 cm., will be attained 295 wave periods, or 96 
minutes, before the arrival of the central wave; 
a height of 242 cm., 90 percent of the steady-state 
wave height, will be attained 112 periods or 36 
minutes after the arrival of the “center wave.” 
Therefore, the wave height increases from 16 to 
90 percent of its maximum value in 96+36 min- 
utes, or in about 2% hours, while it took 90 hours 
for the “‘center wave’’ to arrive. 

So far, a hypothetical case has been treated for 
which a sudden increase from zero to full wave 
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travel time, and wind velocity in fetch as functions of height and period 


at swell at end of distance of decay for two assumed relationships between wind velocity in fetch and duration. 
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height has been assumed at the end of the generat- 
ing area. Actually, this increase will not be sud- 
den but will depend upon the fetch and the wind 
velocity (see figs. 6 and 7). It has been shown 
that the sudden increase in wave height at the 
end of the generating area retains much of its 
sharpness as the disturbance travels through the 
area of decay; it is reasonable to assume, therefore, 
that a gradual increase at the end of the fetch will 
appear as a similar gradual increase in wave 
height at any point in the area of decay. 

If a storm should increase in violence, then 
high and long waves may arrive simultaneously 
with or may overtake lower and slower waves 
which were generated at an earlier time. If the 
higher waves overtake the lower and slower waves, 
a more abrupt increase of wave height can be 
expected at large distances from the generating 
area. 

One inconsistency remains to be explained. 
According to equation (12), the wave period re- 
mains constant near a geometric point travelling 


at half the wave velocity. Therefore no increase 
in wave period should be observed at the energy 
front, and only the low waves arriving ahead of the 
energy front should have periods larger than the 
ones at the end of the fetch. Observations do 
indicate, however, that the period of the signifi- 
cant waves increases with distance from the 
generating area. 

The explanation can probably be found in the 
limitations imposed by the Stokes theory, and by 
the assumption of the constant wave velocity 
made in the section dealing with the propagation 
of a disturbance through a region previously un- 
disturbed. Rossby (1945) has shown that for his 
generalized Stokes waves a dispersion of energy 
from short-period to long-period waves does, in- 
deed, take place. At present it has not been 
found possible to take some of these recent 
theoretical studies into account when dealing with 
significant waves in the decay region, but the 
theory presented here; although incomplete, has 
been found consistent with observations. 


OBSERVATIONS OF THE DECAY OF WAVES 


Little factual infomation is available concern- 
ing the behavior of waves which are no longer 
subject to wind action. It appears that the wave 
period and, therefore, the wave length continues 
to increase while the wave height decreases, and 
beth these changes contribute toward reducing 
the wave steepness. Furthermore, shorter waves 
decay much more rapidly than longer waves, and 
in the area of calm the irregular pattern of steep 
wind waves is transformed into a pattern of regular, 
low undulations known as swell. 

Changes in wave characteristics with distance 
from the generating area depend also upon the 
period of the wave at the end of the generating 
area. No observations are available from which 
all these factors can be derived. A rough check of 
the theory can be obtained by plotting in figure 12 
the nondimensional ratios of (88), (90), and (92) as 
derived from observed values of Tp, tp, and Hp and 
values of H; and 7; computed from weather maps. 
The validity of such a check rests upon the assump- 
tion that the relationships in the generating area 
are well established (figs. 6 and 7) and that the 
weather situations have been analyzed correctly. 
Observations at two widely separated localities in 
the region of decay are desirable for a study of the 
decay of waves without reference to the processes 
of generation. 
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Wave height and distance from generating area.— 
Six observations have been plotted in figure 12. 
Three observations marked ‘“MOROCCO” were 
taken by the French Meteorological Service. 
These consisted of wave height and period about 
three times daily. The points in figure 12 rep- 
resent averages of observations at Casablanca, 
Rabat, and Mehedya. Three observations marked 
“BERKELEY” were taken from weather ships, 
and for those the distance of decay is somewhat 
shorter. The agreement between theory and 
observations is fair. 

The following quotation from the British fore- 
casting report is of interest (British Admiralty 
1942): 

But as the forces mentioned in the first paragraph as 
acting on the surface now act against the motion of the 
water, energy is continuously removed from the waves 
and their height diminishes. The rate of diminution of 
height is greater for the shorter waves; it appears, from 
such evidence as is available, that the waves lose roughly 
one-third of their height each time they travel a distance 
in miles equal to their length in feet, e. g., a swell 600 feet 
long and 30 feet high is 20 feet high after 600 miles, 13.3 
feet high after 1,200 miles, 9 feet high after 1,800 miles, 
6 feet high after 2,400 miles, and so on. 


According to this rule: 
Hy 
Hy 


D D _ 6,080 
=0.67 for imme OTe on 


=975, 


and a comparison can be made with the curve in 


figure 12. One obtains: 
D/Lr (D in miles, 

Lr in feet) __---- 1 2 3 4: 5 
Dg) Draws ees 975 1,950 2,920 3,900 4,900 
Hp)/Hr Britishrule- 0.67 0.44 0.30 0.20 0.13 
HAp/Hy Fig. 12... .55 . 37 APE . 21 17 


The values of H,/H, agree for D/Lz;=4. Assum- 
ing 7; equal to 8 seconds, the distance of decay 
equals 1,300 nautical miles. For smaller distances 
of decay, the British rule gives larger wave heights, 
for longer distances, smaller wave heights, but 
the general agreement is quite satisfactory. 

Travel time and distance from the generating 
area.—In additon to the Morocco and Berkeley 
observations, two observations-at Pendeen, Eng- 
land, have been included. The character of the 
observation at Pendeen will be discussed further 
when dealing. with wave periods. In determining 
the arrival time, attention was focused on an 
abrupt change in observed height of swell, usually 
a peak. At Pendeen records of the swell were 
obtained at intervals of 2 hours and the arrival 
time of the peak could be accurately established. 
In the other examples, for which observations 
were widely spaced, the possible error in arrival 
time is indicated by the length of the line drawn 
through the point of observation. The agreement 
between theory and observations is remarkably 
good. 


Certain observations by Berkeley, where the 
winds decreased gradually, have been omitted 
and only observations where the duration was 
fairly definite are included in figure 12. Among 
the omitted observations there was some evidence 
that the theoretical travel time was too long. 
The problem of travel time warrants further 
theoretical study and examination of reliable, 
continuous observations. 

Wave period and distance from the generating 
area.—The observed period increase confirms the 
order of magnitude of the theoretical period in- 
crease, but individual points are too scattered to 
draw any further conclusions. Since the petiod 
increase is implicitly contained in the relationship 
dealing with travel time and, to a lesser extent, in 
the relationship dealing with wave height, the fair 
agreement between theory and observations for 
these quantities may be regarded as indirect evi- 
dence in favor of the theoretical relationship for 
wave period. 

The scatter of the observations is partly due to 
the fact that in the ratio, T>/T», both numerator 


and denominator are subject to considerable un- 
certainty. This uncertainty arises because ob- 
servations of period are difficult and because in 
given localities the periods are not constant but 
vary over wide limits. 

Observations at Pendeen are well suited to study 
the increase in wave, period. They were made by 
means of a pressure recorder placed at a depth of 
about 100 feet and were subjected to a harmonic 
analysis by means of specially designed equipment. 
Twenty-minute records at two-hourly intervals 
were examined for two periods, March 14 to 18 
and Apri] 17 to 19, 1945. For these two periods 
the weather situations were similar, each being 
characterized by one well defined low-pressure 
system traveling toward NE across the North 
Atlantic. Both storms could be expected to 
produce heavy swell that would reach Pendeen 


_ from nearly the same direction. 
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In the upper parts of figures 14 and 15 the ranges 
of the periods recorded at Pendeen are shown by 
the bands enclosed between the full-drawn and 
the dashed lines. The full-drawn lines include all 
recorded periods, the dashed lines include the more 
frequent ones. The reason for the great varia- 
bility of the observed periods is probably that 
waves arriving at Pendeen did not come from a 
“line source” but from different portions of a large 
generating area and had used different travel times 
over different distances of decay. 

The computed periods at the end of the fetch 
are indicated by the lower circles and the forecast 
wave periods at Pendeen by the circles directly 
above them. The numbers indicate the travel 
time from the end of the fetch to Pendeen. The 
computed fetch at the ends of the periods are not 
arranged in chronological order because some- 
times waves which left the fetch earlier than other 
waves arrived at Pendeen at a later time. The 
forecast periods generally lie inside the band of 
observed periods except on March 14 and early 
on March 15 and on April 18, when the first 
“forerunner” of the swell appeared at Pendeen. 
These-initial waves were low and may represent 
swell arriving ahead of the energy front. 

The forecast height in feet and the observed 
height on an arbitrary scale are also shown in the 
lower parts of figures 14 and 15. The changes in 
computed and observed heights are in good agree- 
ment. The peaks in the figures have been used 
to check the theoretical travel time and are shown 
by the points marked “‘PENDEEN” in figure 12. 

The concept of an increasing wave period in the 
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Figure 14.—Observed and computed wave periods and wave heights at Pendeen, England, March 14 to 17, 
1945. For explanation see text. 


region of decay has long been a controversial 
subject. According to the classical theory waves 
should proceed with constant velocity into the 
area of calm as long as the depth to the bottom 
remains greater than about one-half the wave 
length. In recent years Cornish (1934) has 
emphasized that such is the case. He has quoted 
a number of examples to show that the periods 
of swell observed on coasts were in agreement with 
periods which might have been produced by strong 
winds over the adjacent ocean. However, in the 
discussion dealing with observations of wave 
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velocities and wind velocities Cornish has over- 
estimated wave periods in the generating area 
since he has paid attention only to the maximum 
wind velocity. He has omitted any discussion 
of the length of time the strong wind blew in a 
uniform direction, as well as any estimate of the 
fetch of the wind. Since these factors are of 
great importance, Cornish’s arguments lose much 
of their weight. 

Kriimmel (1911) compiled considerable evidence 
to show that the swell has longer periods than the 
originally produced waves and therefore, corre- 
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Figure 15.—Observed and computed wave periods and wave heights at Pendeen, England, April 17 to 19, 
1945. For explanation see text. 


spondingly greater velocity of progress and greater 
length. He quotes (1911, p. 94) one particular 
instance in the Atlantic Ocean when swell from 
one source was observed by a number of vessels 
which reported longer and longer periods the 
greater their distance from the source. At a 
distance of 6,700 km. from the source the period 
had increased by a factor of 1.7. Kriimmel there- 
fore concluded that the waves increase in period, 
velocity of progress, and length as they move away 
from their source. 
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This conclusion is substantiated by an cxamina- 
tion of the frequencies of different wind velocities 
over the North Pacific and the North Atlantic 
and of the frequencies of swell of different periods 
on the coasts of southern California and of north- 
west Africa. Table 5 shows the periods of waves 
produced by different wind velocities and wind 
durations. The wave heights and periods for 
wind durations of 20, 30, and 40 hours, are taken 
from the curves in figure 7 which are based upon 
theoretical considerations but which have been 


shown to be in agreement with empirical evidence. 


Table 5 


Wave Periods for Wind of Given Velocities 
and Duration 


Wind velocity Wave periods, seconds 
Beaufort | m/sec 20 hours 30 hours | 40 hours 
scale 
4 5.3- 8.5 3.9- 4.9 4,5- 5.9 5. 0-6. 5 
5 8. 6-11.0 5.0- 5.9 6.0- 6.9 6. 6-7.7 
6 11. 1-14.1 6. 0- 6.9 7.0- 8.0 7.8-9.0 
7 14. 2-17. 2 7.0- 7.8 FoR Ee ey As Py eee 
8 17. 3-20. 8 7.9 8.8 QNS—LON Sy |e eae a 
9 20. 9-24. 4 8.9- 9.7 LOND eee 
10 24. 5-28. 5 OES 1047 epee ea eee a= 
ll 28. 6-32. 7 AQ OSES Gil tet eee ey |e ee 


L 


According to the Atlas of Climatological Charts 
of the Oceans (U. S. Weather Bureau, 1938), 
wind velocities exceeding 7 Beavfort are not 
frequent over the oceans. For the stormy part of 
the North Pacific in winter the frequency of such 
high wind velocities exceeds 15 percent in only a 
few regions, and in the North Atlantic it reaches 
25 percent in only one area. The duration of 
these winds is usually between 20 and 30 hours. 
Therefore, waves of periods longer than 8.9 
seconds would not be produced on more than 15 to 
25 percent of the days in winter; waves of periods 


exceeding 12 seconds would never be formed . 


because wind velocities of 10 to 11 Beaufort occur 
rarely and are of short duration. It follows that 
if the waves proceeded without change in period 
the periods of the swells on the coasts of southern 
California and of northwest Africa would exceed 
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8.9 seconds in 15 to 25 percent of the cases and 
would never exceed 12 seconds. 

Gutenberg (1929) has commented upon the 
problem of the increase of wave period and calls 
it a truly geophysical phenomenon noticeable 
only over long distances and periods of time. He 
finds that earthquake waves, microseismic and 
ordinary sound waves increase in period in a 
manner similar to the one characteristic of water 
waves. For seismic waves the increase might be 
associated with the internal viscosity of the 
transinitting medium. 

Although the “kinematics” of the increase in 
wave period is now fairly well understood, due 
mostly to studies by Rossby (1945), the physical 
causes of the phenomenon remain obscure. The 
explanation may lie in an analogy with the 
Cauchy-Poisson problem of impulsive wave gen- 
eration (Lamb, 1932, p. 384). Due to the impul- 
sive generation a spectrum of wave periods is 
present at all times and the longer and faster 
waves will run ahead of the shorter and slower 
waves. The entire wave train stretches, result- 
ing in an increase of wave period: However, the 
Cauchy-Poisson problem deals with a momentary 
generation of waves as, for example, waves 
caused by a pebble dropped in water. In storm 
areas the process of wave formation must be a 
semicontinuous one and it represents a much 
more difficult problem. This paper may serve 
to clarify the relationships between wind, sea, 
and swell, but it leaves a number of fundamental 
questions unanswered. 
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APPENDIX i 


To prove that 


er =m aed 
Rn=3, 24 rin—y! C2) 
is a solution to the difference equation 
n i 
MD os Ja oy uu (25) 


Substituting (22) to (25) 


(n-+1)! 7=dhl-™ 1 nl T2=m 1 mi t=nti-m 1 


gurl > ri(ntl—r)! 2X2" <0 ri(n—r)! 2X2" =5 AG@= 


Multiplying by 2°*'/n!, bringing all terms on a common denominator, and combining the first 
and third terms, one obtains 

r=n+l1—m r r=n—™M n+1—r < 
2 rinti—n! << ACG 
or 


1 freon ate l) ae 
(n—m)\(m)! 3 ri(n+1—r) 


0 (I) 


Equation (1) is satisfied for any values of n and m, as will be proven by the method of mathe- 
matical induction. First, it will be shown to hold for n—m=0, n—m=1, and n—m=2. Then it 
will be shown that if we assume (I) to hold for n—m=k, it must ‘also hold for n—m=k-+1, and 
hence for any value of n—m. 


As n—m=0, m=n: 
1 n+l1 nya 


Olm! Olnm+1)!. n! nn! 
Asn—m=1, m=n—1: 
le (oar  @=@apl) eee lem 
NG] Mecsono Im! (n—1)! ao om GS 


As n—m=2, m=n—2: 


1 Lg WO Bee ee er ell 6 
Tel am" ow PIGS t SG=0n (=n Tei Jes TGs. 


As n—m=k, m=n—k: 


1 Sh 2n = (al) 
lab 2 ri@ti—r)—° ay) 
As n—m=k+1, m=n—k—1: 
1 rektl Qr—(n-+1) _ n—k =k Wr—(n+1) , 2k+1)—(+1) __ 
@4)i@—k—pit Pa rivti—ni FI) Na— ky es AGl=alt CLieaaT 
n—2k—1 n—2k—1 


C2DIG=O! ELDIG=pI (in view of Equation II) =0 
g. €. de 
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APPENDIX IT. COLLECTION OF EMPIRICAL WAVE DATA 
Table I 
WAVE AGE, 6, AND STEEPNESS, 6 


Wind Wave Wave Wave Wave Wave 
No. Lory MEAN ten uly pelea, p= C] Chenin lkeference* Legend used in fig. 5 
(m/sec) | (m/sec) (m) (m) (ratio) |(percent) 
1 8.8 | 16.4 172 PA DAN tS Hh DR peas ea ee a Berkeley #22 22 aa aes 
2 less} 16. 4 172 Des if 1. 44 SRO] ee eye eee CORR, Oss oe Se ee 
3 HERS 16. 6 175 2.9 1. 46 BEY (eden pa A aE GOR Ae oso. ee ae 
4 WO 2256 328 5.5 133 17 |) Xe 923) el Zamimn ermianne see ees eee 
BS || AKON aS) 186 B52 hw ero IS hee ewe ‘Berkeley#2s 20222 eee. eee 
6 LOLOW 2248 336 6.0 1.20 1S Zi G9 23) eal’ Zimmermann. oe ee 
Gi PA (0) 26.8 461 ist) 1. 58 [RES Z7 (1923) a Sees CORRS sti. d ib est ene 
8 TeV) mae 79 dee) 1. 58 THOR EZ (O23) me | eee ee COS LAAs ee LO 
9 5.0 8..9 50 1.0 LS 2 Olah 192 3)) es | eae (6 (ekg eI 
10 710 20. 5 PAK) 5. 5 12 220) ie Zin(923)) 2/2 dost 3 
11 6.7 9.4 56 2 1. 40 po eeN I (eta Sena Us Se siAugusiass == 
122M a 2OuS 264 Gal t. 57 DRA Le Page ey Lee He MES) Horresten 2222 
13 17.0 18.2 214 5.0 1.07 2235/02; (1923) 2. |) Zimmermanness. 2.2 2 ea 
TAG 229 se be 156 SRT lin ple DN Are | aay ote nh a vides ‘HM. 8. Forrester____-__-_ 
15 GA) 8.9 51 iy 1: 78 204 Zi (1923) 25 Zimmermann sees tees ee 
16 6. 0° 8.1 42 1.0 135 Dede Zi (O23) | wees So semen ad mn ea Ah) 
17 7 (Pe SUG ate a Aiea |9e pee ae 1. 16 QeAse(1939) =i Meteors 0 iiemaen lapel asia 
18 6. 2 6:2 25 2162), 26.00 DAN SO Siena Us SS Agusiqena aa 
19 er 6.3 25 16 at 10) PA NA iS ed a (0 (oye ties (aah Ren REC 
20 iP) 1255 100 2.4 . 97 Pg a eft | B28 Goss S eras ie 
21 12.9 1225 100 2.4 97 ie Atm ear BUCA ES y=, | Hei Co Loar ae a SLY L pa at 
22u) SLOWOR e225 100 Pisa) abyss 245!) Zi(1923)22) Zimmermann . 22 022 etemeen 
PBN lees) teat 135 Bab. ak, Bu! 254k =e oan Berkeéleyss22222 0. 47a 
24 5.0 8.6 47 1.2 1. 72 2.614: (1923) 24) Zimimermanns2)) 252 ee 
25 Oro) 13. 110 2.8 | 1.41 Din Gil mbes teak tu Berkeleyas=. 3 Gia.0 owe 
26 10.8 122-5 100 2.6 1.16 PAG S| (Sieh cr ae UWE Sas Angusias) sees 
27 5.0 8.4 45 2 1. 68 2.7. Zi(1923)22|" Zimmermannes) 22 22 ee 
28 14.0 14.1 127 3.5 1.01 2S Zh 923)) 24 eeoee dolges ss. deh ae 
29 9.8] 10.9 76 2a ale) 2 Ses | es ear WSO Augusia. 24s) eee 
30 5.0 8.1 42 Ty Dill ea62 2.9) Za (923) 25/* Zim erm snne see eee 
or ik) 17.0 185 Sno Nous} 2291) Ze (1G23) eee COZ Sh be ne a 
32 9.4 EG feaetetee te) ae amet . 93 269aScu@939)mleMieteorse au alam seis eee 
33 5.9 IN) a il ogee | ER ae ee 1. 90 DOr Ke CLOT) i Parise Ae eee ea Uae are 
34 Ue 20S Gal seem cet | Ry ah esa ee iar) 2 sO. lser GL Oieli\e | eras (6 (0 peer sep LN Fu T 
35 15.0 19.2 237 7.0 1. 28 B50 Zie (1923) -Zimmermcim mee 0) een enieae 
36 16. 0 19.8 BRYS 0 1. 20 SHOl | Sy CLOT | We ari saat Seger os eee 
37 1S LON 76 2a . 96 BROW ee ee ee WE S25 2Augusiaqse. eee 
38 9.3 10.9 76 PyeB} elles SQV Ei aah lga aetna WS Se SaeAiigiusta sas aera 
39 8. 6 LD Arp ita ceed uae N ie ok a 1. 44 B80 4 EEC TTD ASP art see eee eee ed 
40 17.0 16. 1 165 5.0 . 95 SEO Zi(1923)) al) Zimmermann esa a eens 


See footnotes at end of table. 
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APPENDIX IT. COLLECTION OF EMPIRICAL WAVE DATA—Continued 
Table I—Continued 
WAVE AGE, 6B, AND STEEPNESS, 6—Continued 


See footnotes at end of table. 
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50 Us th 9.4 56 1.8 1. 22 BO | eee esa WloitShs 1S 4h oe a 
51 6.0 8.4 45 1.5 1. 40 Semen @l923)n|-Zimmermannes= = see f 
52 oO 9.6 59 2.0 IS BM Se An |e) (L923) pee (OKO eC are eee ere ia f 
53} | 710, 7.8 39 1.4 . 76 Seth MerseP Ne We SeSAngusia sss aes a 
Aa Oy 1526 156 By, . 92 SNGu Zin G923))5 eZ ern annie see f 
Bomiult.0: | 11.10 731 2aSh DOOM eS Hey li Z (1923) lees do eae to OE f 
53) WL @ | Wee al 110 4.0 . 94 Se Gn lZin CLO23)))n see dow tea setae. anes f 
57 7.0 Uo 33 iL, 2 1. 03 B.@8. || 7A (CORR) eee (GaAs ea f 
58 9 | Be 25 NON Malento BUG lea Wirth WSaSwAagusta see eee a 
59 ond U5}, 147 5, & 1.01 B88 0Z (1923) ae ZamimMerm anne se ee eee f 
60 14. 0 15.0 120 4.5 1. 08 S28 nGaGl935))itGassenmayress= see e 
61 6.0 8.0 40 ie 125) SMS all935)) | eee Cao yar Meee ie SY Se en es e 
62 10. 8 9.4 56 Pe Ah . 87 Be toy et bel WSS Agusta ss ne a 
63 12.9 15.6 156 6.1 1, 7A 389) oe Bee ee ee ELVIN S aeronnesten =a ae a 
64 9.0 7.0 35 1. 4 . 78 AN OMG. C935) \\Gassenmayr= esse. soe e 
65 10. 0 8.0 40 1.6 . 80 450 aGa@d935)) pase dOte ease See oan e 
66 TEEO 12.4 99 4.0 Me MR 48 Onl eZ 1923) Zim erm ann ae een el f 
67 13.0 13.9 123 5.0 LOM 4.) Zn ( A923) | eee COQUISM seer RSP Mee fi 
68 12.0 13.9 123 5.0 1.16 AWGN eeZa G23) | eee Oe aay MAMI Be AE Aa I f 
69 17.0 14.5 134 5.5 . 85 AN alien atin (L923) in| pee AO ee A EK Ton see f 
70 11.0 9.5 57 2.4 85 4.2 | G (1935) | Officers U.S. Navy______- b 
Gal 13.0 11.4 . 88 AN Qin Ken CHOU Maris ee Ane ia ee tue c 
72 14.0 12.8 105 4.5 .91 ANS ile (L923): | Zinn ermann = see wees f 
73 6.0 ns) 20 aS «92 AS} | LB GIAO) jh 1Diavanaver 4 ee a 
74| 11.0 9.4 56 OD, & BS5ull i 4e5 010171 (923))) ly Zammermanns-2 4020 en f 
To 1a Ou 150 1.01 ANS KG CLOUD), || eParis! | cou) ein teal nit We an c 
78 || Wes @ |] 18% a 110 5.0 5 Ue AL @)|| 7A (IGP) |) 7Avaonerarna ene f 
|| WO see A Ze SL ||, VA (lp) |e Comite he sae le a f 
78 23. 0 18. 3 214 9.8 . 78 AG |) 8) CCB) |) Senowheuss = sees ese een a 
7) || WOO |) MOS G3 eee TOA PAN St@USO3) nl eues Pesan Sar cnt Sakae aca a 
80 17.0 17.0 185 9.0 1. 00 4.8 | Z (1923) | Zimmermann_-___________- f 


APPENDIX II. COLLECTION OF EMPIRICAL WAVE DATA—Continued 


Table I—Continued 
WAVE AGE, 8, AND STEEPNESS, 5—Continued 


Wand Were wWieve Wave Wave Wave Bese: 

Noss es aleve ene : one : a, t, B=C/ U ee Reference* Legend used in fig. 5 THESES 

(m/sec) | (m/sec) (m) (m) (ratio) | (percent) mentt 
81 17.0 10. 2 64 3.2 . 61 5.0 | G (1935) | Officers U. S. Navy---_-_- b 
82 9.0 6.7 30 15 .79 5.0 | G (1935) | Gassenmayr______---____- e 
83 9.0 7.8 39 2.0 Ol 5. 1 Sr@893)\a\ochotties. =. 5-2 eee a 
84 18. 0 Lave PA 6. 2 Ue! 5.2 S7Gi893)) eee dots cin ek a 
85 | 23.0 19.7 | 248 13. 0 . 86 52) Zn 923). | Zimimerm ann 29a f 
86 6. 0 6.2 25 ee 1. 03 5.2 | G (1935) | Gassenmayr-2--=-- eee e 
87 23.0 12.7 140 7.5 . 54 Seale GaG935)mlaee ae dOe. a 2 (hes e 
88 21.0 20. 2 262 14.0 . 97 5.4| 2, (1923) | Zimmermann=--_=__- 2 eee f 
89 | 20.0] 12.0 120 6.5 . 60 5.4 | G (1935) | Gassenmayr---_-_--_- ih eee e 
90 21.0 18.5 218 12.0 . 88 5.5 | Z (1923) | Zimmermann... --___-__- oS f 
91 17.0 15.1 145 8.0 . 89 Hebel ZL O23) il ae se de: ee es Se f 
92 14, 4 9.4 56 Sil * 65 eeu |e eae ed He MoS? Horrester= = aes a 
93 16.0 Web} 113 6. 0 . 83 525s) ha (1911) a Rariste oe eee eee c 
94] 16.5 3.6 8 .45 22 | Pee Gibson 62 35.2 22.) eee a 
95 11.0 8.4 45 2.5 . 76 HaGall poe S93) |p ochot was se \opa es aac a 
96 | J11.0'| 8.4 45 285 n76 5.6 | Z (1923) | Zimmermann-.-____-__-_- 5] at 
97 10.0 8.4 45 Py, is . 84 HaGulla Zt (1923) ees d08: Lote Le ee f 
98 | 14.0] 11.5 98 Da . 83 5.6 | G (1935) | Officers U. S. Navy. _-___- b 
99 | 11.0 6. 7 40 74,83 . 61 5.7 | G (1985) | Gassenmayr_----------__- e 
100 11.0 6. 2 40 2.5 55 6.20 Ga (935) a | eee does ah ee e 
101 16.0 12.9 107 6.7 . 83 622n C1934). Cornish#=s== =ae=== = =a a 
102 17.0 12.5 100 6.4 74 6.4 | G (1935) | Officers U. S. Navy-_--_---- b 
103 12.9 9.4 56 oad) 51/8) CET fl (sees pi eat H. M.S. Porrester_.__ 222 a 
104 11.0 9.4 56 Bl . 84 6:16.41) 4S27@893)|tSchott= = 22a eee a 
105 | 11.0 8.0 45 3.0 73 6.6 | G (1935) | Gassenmayr____-------_-- e 
1OGH 23508 12503] (esl3 7.6 52 6.7 | G (1935) | Officers U. S. Navy..__---- b 
107 | 16.0 4.5 13 .9 . 28 GROr eats Fe Gibson®=.24 2-5-2... 4" a 
108 20. 0 14.2 129 9.0 pedal! 700) 2980893) aSchotte22 422s. — nee a 
109 17.0 14.6 137 10.0 . 86 7.3 | Z (1923) | Zimmermann_-_-_--_--_-_-_-_-- f 
110 20.0 13°53 113 8.3 . 67 7.4 Ss (1893) Schott!).]. 22-4. eae a 
111 | 20.0 8.5 80 6.0 . 43 7.5 | G (1935) | Gassenmayr______-__--__-_ e 
112 26.0 12.0 92 6.9 . 46 V2d | oCr984)" |e Cormish=se esas oe eee a 
113 | 14.0 9.5 58 4.5 . 68 7.5 || Z(1923)) | Zammermann)-2-2--2 22222 f 
114 25. 0 1.6 Leads 13 . 06 Wanda nee G1934) 1 Cormish=s2 222-5 ssa d 
115 25. 0 5.6 20 Led 5 Ps Wet AG (alee) Wee dO ae85 eae 2s ee c 
116 11.0 5. 8 35 OA . 52 7.7 | G (1935) | Gassenmayr____---------- e 
117 17.0 6. 4 45 3.5 . 38 Wide Ga G935)) |=aee= G0s22 8 5a ee e 
118 8.8 6.2 25 2.0 5 Cal SiOU tee eee U.S. S. Augusta__._------ a 
119 9.6 5.4 18 1.5 . 56 SHS) Pere aera eee 2s Dovertsa22 2 eee, ee ee c 
120 8.2 6.7 29 | 2.4 . 82 Sue see WS. Bngineerss=- 22 a2 ee a 

See footnotes at end of tabie. 
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APPENDIX IT. COLLECTION OF EMPIRICAL WAVE DATA—Continued 
Table I—Continued 


WAVE AGE, 6, AND STEEPNESS, 6—Continued 
| 1 1 
Wind Wave Wave Wave Wave Wave at Set 
No. | Velocity,| velocity, length, height, F 26 uy a Reference* Legend used in fig. 5 meas- 
| (m/see) | (m/sec) (m) (m) (ratio) |(percent) ene F 
12 || TO as 30 |) OG 62 Bh TE COMI) | eet 2s ee c 
122} Wiles 6.7 29 27 . 59 OR eles See os ae USS shingineersaes samen a 
123 12.4 4.6 14 1.4 5 Oe NOMO Meee SS DOME R ese eae re eee ene c 
124 23. 0 13.1 110 11.0 5 Mt 10. 0 Z (1923) | Zimmermann_____-_-_-___ f 
125 9.6 on2 ikee 1S) . 04 NOMG gee eee Dover se | eae i ee c 
126 24 4.9 15 he ¢ . 39 Ih 5 sepsis ee CLO Met meee. a ene c 
127 12.4 4.9 15 1.8 . 39 IPAS: (0) ee ee ea ea A eee GOS ee ees c 
128 9.8 3.8 9 ils 3 . 39 SPAS OP ae eee eae ae ae COS Shee Sy ae ee prea c 


*Reference: C=Cornish; E=Ehring; G=Gaillard; K= Kriimmel; S=Schott; Sc=Schumacher; Z= Zimmermann, 
tManner of measurement: a—C and Z computed from observed T. b—C computed from observed 7’ and Z averaged. c—C computed from observed 
L. d—C observed, Z computed from observed T. e—C and ZL observed. f—Manner in which C, LZ, and T were obtained not known. 


4] 


APPENDIX II. COLLECTION OF EMPIRICAL WAVE DATA—Continued 


(m/sec)} \m) (km) 
11 GAs, Wey 157 
18 6.'2 .6 157 
20 | 12.9 2.4 167 
21 | 12.9 2.4 167 
26 | 10.8 2.6 232 
38 9.3 2.3 167 
45 8.2 2.4 167 
50 edt 1.8 167 
58 5. 2 313) 157 
94 | 16.5 arti) 3) 
107 | 16.0 9 ahs 5) 
120 8.2 2.4 363 
122 | 11.3 Pet 152 
129 Cet He al 156 
130 eT 7 156 
131 6.7 5 161 
132 8.8 Del 161 
133 7.7 201 156 
134 | 16.0 4.0 130 
135 | 16.0 4.3 120 
136 | 12.9 3.4 152 
TSC We Les 251. 152 
138 9.3 2.9 156 
139 6.2 9 152 
140 9.3 1.5 145 
141 | 11.8 2.9 156 
142 6. 7 9 363 
143 5.7 .8 363 
144 9.3 1.2 120 
145 9.3 Net 152 
146 8.2 1.8 363 
147 | 10.3 7 | 156 
148 9.8 2.1 156 
149 | 15.0 6. 7 482 
150 |} 20.6 | 11.0 /1, 112 
151 AON eae sire . 0135 
152 ONO) fetes . 0135 
153 G2:2))|Soeece . 0185 
154 eeulesces s - 0135 


Table II 
WAVE HEIGHT AND WAVE AGE AS FUNCTIONS OF FETCH 
| 
Wave 
velocity ev on 4 Reference*| Legend used in fig. 6 
(m/sec) 5 
QA asad xls Oe 2 can\ ales On| eee ae ae U.S.S. Augusta_-__- 
6GR2n AE x<Glor 167 POO Eee eet NS ne doiz. 4 ae 
12.5 | 9.9103 14 O7: seneee hen eel Perel doict eee 
125 989510814 Pi 7. ya We openers eee do... ae 
20) LOO FE D2 a eGo Rasen see | ee sae dois. 2e eee 
ONO TSE S10 521-42 Gina ital peli 7s eevee en [eee doc. ae 
KONOGI 254 >< 1107 ODUM tls Os | eed ee eee do: eae 
9.48208 SatOf a SO ple 2. |e etl eee do.-52:) er 
CEO BO Bey Moe et hes doves 23s ee 
3.6 | 4.7X10 OlGl 22a eee sees Gibson i222 22 Sa 
Arse eo OL OSE OSD | iy ed Sn lees estas (cea ee doe. 322 
Ge) BSP GO fling Bg gtePy We AN gil ob U.S. Engineers ____ 
GaveialaerelOs 21 Py ed penies pegs etm Nd eh ce C5 Ce iene UNE 
eae PAB SD UO Seti tgs Enc a ms eR CRE KY ce 
ee QO XTOP OSs a ale ee Si Qe si ate ee 
eae BB CRON VSS elhe ay! ake ee We on nee ae 
oes DEO SHOE OT til ee ON Te IS oes LOG] OM 0st aoe 
2 le Salle 2s Gris! 235i ee ih Uleee Sea awe es ott 2 dozen) ee 
eee ae 5. 0X10 PS ae a Oe ay, |] Geek oO 
pat Da Ne 4.6X103 1G ee Se See Ou e See eee 
aes 9 OS<108 1 20" bea a) See ee le idoeeue see 
pala re 1 ASO FT| a9 dol ae 
peared TOSS 08s BB aleie ee He ee eel eld ose ee 
cekoe SOK TOCH EOS se a A oe ee doe ee eee 
ee TG SOSA ee. tebe eee eee Oe ee 
ee nates Tel X10 4 20 be Se Oban aaa 
Bees 129 <0 2208 a See ee ie Seed On ae eee 
aed Teel DSTO || ADA ia | ok Bera sey ee Oe ee eee 
Soe A CIOL SAS 2 seal 222 32 ES does eee eee 
Bae erera TC 10: S ONE she Be ee ed ot ses 
eee oe HOC LO Ae DGi [oe kaos ele bee |G] Queeee a ae 
eee nese 12410) STO cle ae eee ee ee Ose eee 
Pie SO DG STOM oD AUN ace 2 UIE sce oe ph Ne AsO cel eee ete 
1245 2x10 229 .80 | C (1934)} Cornish_-_-_------ 
16.5 | 2.5104] .25 80 | C (1934))__--- owas se eee 
OOk Sach ie lay | see 212° |S) (937): Stantons2-22-2- 222 
LOT We Desig ty ol tees ol We Sid937) soa domes sae tess Tals 
360 [) 38.4  |laues elle oi 937) eee (3 (a Se a 
eae Oe Go a call eee oe lie leon Clos) laa dole eee 
{See footnote of table I. 


°O==Cornish; 8=Stanton. 
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APPENDIX II. COLLECTION OF EMPIRICAL WAVE DATA—Continued 
Table III 


wae Duration ¢ 
oci- uration 
No ny U (sec) 
(m/sec) 
2 elite S| 1893x105 
Sigal S|) 6 92>< 104 
SONS) 180< 108 
19 Kal) 8 MES<IGs 
23 \PeMulesi 95285105 
29 9.8) 6.12X10* 
36) 16.0) 3.60X10° 
SlMldersin 5. 40><1104 
48 Ol th BUD< 1105 
5S ONS Sa O0>G105 
62} 10.8} 3.78X10* 
93) 16.0) 8.64104 
118 8.8! 3.06X10' 
NEN) TWO} AY SO: 
128 9.8 1. 80 10 
155 ORS 4.18 10% 
156} 18.5 2, RISK IO: 
°K =Kriimmel. 


Wave 
height 
H (m) 


{See footnote of table I. 


Wave 
veloci- 
ty C 
(m/sec) 


16. 
16. 
Mf 
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Reference* 


WAVE HEIGHT AND WAVE AGE AS FUNCTIONS OF DURATION 


Manner 
Legend used in fig. 7 or men 
mentt 
Berkeleys 226). 28 2 a 
pean Ome ae See eal ga 
Saha GL een ene Ds 
WASRS Au Ggusiag ses alina: 
Berkeley --5225 32-2 a 
U.S. S. Augusta____| a 
Parise 2s inyselee gece) c 
ULSYS:Augusias2 24) a 
Berkeley) eee a 
U.S. 8S. Augusta____|- a 
eer dows See Mal teat 
aris ter Suman @ 
USS! S: Augusias sara 
Krimim elas see c 
Dovyerse an ae a 
iBerkeleyxoue ius cas a 
Emmons & Clarke___| a 
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